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Abstract

This thesis studies a stochastic version of the Keller—Segel chemotaxis-consumption system

du = (Au — div(uVv)) dt + wo dW, in O x (0,77,
O = Av — uw, in O x (0,77,
(0.1)
o,u = dyv =0, on 00 x (0,7,
(u(0),v(0)) = (ug, vo), in O,

on a bounded interval O C R and for some T" > 0, with homogeneous Neumann boundary
conditions and Stratonovich multiplicative noise, driven by a cylindrical Wiener process W,
acting on the cell density uw. While the deterministic version is well studied, the stochas-
tic counterpart had, prior to this thesis, not been treated in the literature. We prove the
existence of a martingale (probabilistically weak) solution by adapting the truncation and
fixed-point construction of Hausenblas, Mukherjee and Tran [HMT?22a], developed there for
the stochastic production model, to the consumption setting, and we construct a Lyapunov
functional suited to the absorption nonlinearity —uwv in place of the production nonlinearity
these authors work with. Along the way we collect the analytical and stochastic-analytic tools
needed for the construction, and we recall the relevant deterministic theory. The structural

role of dimensionality is also discussed throughout the thesis.
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1 Introduction

1.1 Motivation

Chemotaxis is the directed movement of cells or organisms along a gradient of a chemical
signal. Examples include the aggregation of the slime mold Dictyostelium discoideum into a
multicellular body under starvation, the guidance of immune cells to sites of infection, and
the swimming of aerobic bacteria such as Bacillus subtilis towards regions of higher oxygen
concentration. The mathematical modeling of chemotaxis at the population level goes back
to Patlak [Pat53], who derived a diffusion-drift equation for the density of a population of
individually biased random walkers, and to Keller and Segel [KS70; KS71], who coupled this
equation to a second one for the evolution of the chemical signal. The resulting Keller—Segel
system and its variants are among the most studied classes of reaction—diffusion systems in
mathematical biology.

Whether solutions exist globally or blow up in finite time depends on the coupling structure,
the spatial dimension, and the size of the initial data. All classical results, however, are
formulated for deterministic initial data and deterministic dynamics. Real cell populations
are subject to randomness: intrinsic fluctuations from the finite number of cells and signal
molecules, extrinsic environmental noise (temperature, fluid motion, heterogeneous medium
properties), and uncertainty in the parameters governing individual cell behavior. Stochastic
counterparts of the Keller—Segel system, in which one or several of these sources of randomness
are modeled as a stochastic perturbation of the underlying PDE system, have accordingly
been studied over the last decade. This thesis contributes to that line of research: we establish
an existence theory for a stochastically perturbed version of the chemotaxis-consumption

model, described in detail below.

1.2 The Two Variants of the Keller-Segel System

Two structurally different variants of the Keller—Segel system are commonly studied, distin-
guished by the coupling term in the equation for the chemical signal v.
In the classical production model, the cell density v produces the chemical signal v, and
the system takes the form
0w = Au — div(uVwv),
{8tv:Av—v+u,

with homogeneous Neumann boundary conditions and initial data. This is the original setting
considered by Keller and Segel [KS70] and models, for instance, the aggregation of slime mold

amoebae, which secrete a chemoattractant (cyclic AMP) that then diffuses and decays.
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In the consumption model, which is the object of this thesis, the roles are reversed: the

cells consume the chemical signal rather than producing it, leading to a system of the form

Ou = Au — div(uVv),

Orv = Av — uv,

again with homogeneous Neumann boundary conditions and initial data. This variant was
introduced by Tuval et al. [Tuv+05] to model the chemotactic motion of the aerobic bacterium
Bacillus subtilis towards higher oxygen concentrations near the air—water interface of a sessile
drop, where v represents the dissolved oxygen concentration consumed by the bacteria at a
rate proportional to uv. See Lankeit and Winkler’s survey [LW23] for a systematic account

of both variants and the differences in their qualitative theory.

1.3 The Role of Dimensionality

For the production model, dimension is decisive. In two space dimensions, solutions exist
globally if and only if the total mass [, ug stays below the critical threshold 47 (87 in the
radially symmetric case), and blow up in finite time can occur above this threshold [JL92;
BDPO06]. No such critical-mass dichotomy exists in one dimension, and blow-up may occur
for arbitrarily small mass in three and higher dimensions.

The consumption model is more favorable, independently of dimension: since the coupling
term —uw is dissipative rather than destabilizing, a maximum principle for v leads to global
existence for all d < 3 [TW12]. This only simplifies matters for d > 2, however: the strategy
adapted here [HMT22a] already works in one dimension, where the production model has
no critical-mass obstruction either, so the consumption model isn’t chosen here to sidestep a
blow-up difficulty that’s absent in d = 1 regardless. Rather, the point is that the techniques
developed in this thesis for the consumption nonlinearity do not rely on dimension-specific
smallness assumptions, and are hence a starting point for an eventual extension to d = 2, 3,

where the two models’ behavior genuinely diverges.

1.4 Stochastic Perturbations

To model intrinsic fluctuations of the cell population itself, rather than an external force
applied to the system, the natural choice is to add the noise multiplicatively by the state u,
interpreting the resulting stochastic integral in the Stratonovich sense. This is justified by the
Wong—Zakai theorem [WZ65]: Stratonovich stochastic differential equations arise as the limit
of ordinary differential equations driven by smooth, physically realizable approximations of
white noise.

For the stochastic production model, an existence and uniqueness theory has been developed
over the last several years: the one-dimensional case [HMT22a; HMT22b], a possible extension
to two dimensions [HML22] (work in progress), and porous-medium-type diffusion [MHZ25;
HMZ22]. Stochastic chemotaxis-fluid systems, coupling a production- or consumption-type

chemotaxis system to a stochastic Navier—Stokes equation, have also been studied [ZZ20;
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HJR23; XZL24; Z1.23; Z1L22]. To the best of my knowledge, no existence theory exists yet
for the pure stochastic chemotaxis-consumption system (4.1) with noise only in the first

component and no fluid coupling. This thesis fills that gap.

1.5 Main Result and Outline

The main result, stated precisely as Theorem 4.6 in Chapter 4, is the existence of a mild mar-
tingale solution to the stochastic chemotaxis-consumption system (4.1) on a bounded interval
O C R, with homogeneous Neumann boundary conditions and Stratonovich multiplicative
noise acting on the cell density u, together with a uniform a priori bound on the solution in
expectation. The proof follows the strategy of Hausenblas, Mukherjee and Tran [HMT?22a]
for the stochastic production model (truncation of the nonlinearity, a Banach-space-valued
fixed-point argument for the truncated system, compactness and Skorokhod-type arguments
to pass to a martingale solution, and removal of the truncation via a sequence of stopping
times), but needs adaptation at essentially every step, since the consumption nonlinearity

—uw has a different structure and requires a different Lyapunov functional.

Notational conventions. Throughout, © C R? denotes a bounded domain with Lipschitz (in
Chapter 2, occasionally convex or CQ) boundary 90, and v its outer unit normal. Generic
constants are denoted C and may change from line to line, with dependence on relevant
parameters indicated where relevant, e.g. C' = C(T, Q). Function spaces are abbreviated as
LY .= LP(0), HE = H*(0), and LE.HE := LF(0,T; H*(0)); the space LlogL(O), written
LlogLy, denotes the Zygmund space of functions v with [, |u|log(1 + |u|) < co. Cylindrical
Wiener processes and stochastic integration are used in the sense of [DZ14], as recalled
in Sections 2.2-2.4. The symbol F = (F)ejo,r) denotes a filtration satisfying the usual
conditions, and 2l = (Q, F,F,P) a corresponding filtered probability space.






2 Analytical and Stochastic Preliminaries

2.1 Analytical Tools

In this section we will state some important analytical results, which we will use throughout
this thesis. Most of the proofs are elementary and can be found in lecture notes, but are

nonetheless written out here for completeness and ease of reference.

Lemma 2.1 (Jensen’s inequality). Let n € N, f: R — R be convex, \1,..., \n > 0 with

n
Z)‘i =1, and a,...,a, € R. Then
i=1

f(i >\iai> < z”: Aif(ai).
i=1 =1

Especially the following special case of Lemma 2.1 will be used often in inequalities with

norms.

Corollary 2.2. Forn € N, 1 < p < oo (mostly used for n € {2,3} and p = 2) and

ai,...,an € R we have
n

D

=1

p n
< nP1 Z la;|P.
i=1

Corollary 2.3 (Jensen’s inequality for expectations). Let (2, F,P) be a probability space,
X € LY(Q) a random variable, and f: R — R convex. Then

fEX]) <E[f(X)].

Corollary 2.4 (Jensen’s inequality for integrals). Let g € LY(0,T) and f: R — R convez.

Then . ;
13 [ aas) < 1 [ atnas

Proof of Lemma 2.1. By induction on n. For n = 2: since f is convex,

F(Arar + Aaaz) < Aif(ar) + Aaf(az)

holds by definition of convexity. The general case follows by induction: assuming the inequal-

ity holds for n — 1 points, write

n n—1

Ai
izzl/\iai = (1 — )\n) Z:ZI 1_ )\nai + )\nan,
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n—1

apply convexity and then the induction hypothesis to Z 1 i)\ a;. O
i=1 "

Proof of Corollary 2.2. Since x +— |z|P is convex, Jensen’s inequality (Lemma 2.1) yields

p
:np

n

D

i=1

n

1
) n

p n 1 n
<> agl” =07y gl O
i=1 i=1 " i=1

Proof of Corollary 2.3. Apply Lemma 2.1 to the discrete approximation of E[X] and pass to
the limit, using that f is convex and hence continuous; see e.g. [DZ14, Chapter 6]. O

Proof of Corollary 2.4. Apply Corollary 2.3 to the uniform distribution on [0,7], i.e., set
1
P= f)‘HOvﬂ and X = g, where A denotes the Lebesgue measure. O

Lemma 2.5 (Young’s inequality). Let a,b > 0 and p,q > 1 with % =+ % = 1. Then

p q
ab < C;—FZ. (2.1)

In particular, for any € > 0,
1 _a
[AB| < 24P+ Cy(9)B",  Cy(e) = _(ep) b (2.2)

Proof. For a = 0 or b = 0 the statement is obviously true. Henceforth we assume a,b > 0

and we observe that — log(+) is convex. Jensen’s inequality (Lemma 2.1) yields

Pope 1 1
—log (a + ) < ——logaP — —logb? = —log ab,
p q p q
which after multiplying with —1 and exponentiating is equivalent to (2.1).
For (2.2) substitute @ — Aa, b— A~'b with A = (ep)'/? into (2.1) to obtain
A4 (ep)—9/P

AP
ab < —aP + —b? = eal +
p q q

be. O

Theorem 2.6 (Holder inequality). Let (O, F, ) be a measure space, f,g be p-measurable
functions and p,q € [1, 00| with % + % =1. Then

19l < [Ifllzellgllze- (2.3)

Proof. Obviously we can assume || f||zs, | g||r« > 0. For p = 1, ¢ = oo the statement follows

directly from |fg| < ||g||z<|f| a.e. For p,q € (1,00) we get by using Young’s inequality (2.1)

g
and b =
I f1l e gl e

1 / aP b 1 1 1 1
—— fgz/abgf = 4+= =—/ fM—/ gi="4-=1
TToTale Jo 9= @< G+ 3) = 51 Jo P+ T o9 = 5 5 '

with a = the following:
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Theorem 2.7 (Minkowski’s inequality). Let (O, F,u) be a measure space, p € [1,00], and
f,g € LP(O). Then

If + 9llr0y < I1fllzro) + 9]l e (0)- (2.4)

Proof. First note that by Corollary 2.2, f + ¢ has finite LP-norm. If this norm is zero the
statement is true, hence assume ||f + g||z» > 0. For p = oo the statement is elementary. For

p < oo using the Holder inequality (Theorem 2.6) with exponents p and %, we obtain

17+l = [V +al= [ 17 +al-17 +aP"
< LA 15 +aP ™+ [ 1ol 1f +

< <</O|f!p);+ (/O|g|p>’1’> . </O‘f+g|(p—1)pfl> Z

= (1fllze + llgllzo) IS + gl m

Lemma 2.8 (Minkowski’s inequality for Bochner integrals). Let E be a Banach space and

f e LY0,T;E). Then
T
HAf@&

Proof. With the dual space E* of E we find that
= sup

[ s = o[ 0 at)

T T T
< sup /O G(f(E)]dt < sup /0 llle || £ (1)1 dt = /O 1£ ()]l dt.O

ol z==1 Il g+ =1

E [ is@isar (2.5)

= sup
llgll =1

T
/0 (f(t)) dt

Lemma 2.9 (Markov inequality). Let (22, A, u) be a measure space, f: (2, A) — (R, B) and
r,e > 0. Then it holds that

1 T
plIf1 = ) < = [ 17 dn.
Especially for a probability measure p =P and a random variable f = X we get

1
—E[|X]"].
—E[XT)

P(IX| > ¢) <
Proof. Let A(e) :={|f| > ¢} € A. Then
JUrdi= [Laglfrde> [ Lage du=<uAaEn

Theorem 2.10 (GagliardoNirenberg interpolation inequality). Let © C R be a bounded
Lipschitz domain, p,q,r € [1,00], 7 < m and 0 € [j/m,1] such that

1 1 m\ 1-86
S=dyp(c o) 2
P d+ (T d)+ q
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Then there exists C' > 0 depending only on O, d, m, j, p, q, r such that
ID7ull e < CIID™u|Zr||ullze” + Cllul s (2.6)

for all w € W™ (O) N LY(O). (Unlike on R?, where the term C|ul|pqa is not needed, on a

bounded domain it is required in general, since there is no scaling argument available.)

Proof. This is the bounded-domain version of the classical Gagliardo—Nirenberg inequality;
see [Eval0, Section 5.8, Theorem 5] for a full proof (extension to a ball, the inequality on RY
via a scaling/covering argument, and the extra zero-order term arising from the extension

operator), or [BS88] for the general interpolation-theoretic viewpoint. O

The following cases of the Gagliardo—Nirenberg inequality will be used often.

Corollary 2.11. Let O C R? be a bounded Lipschitz domain, d € {1,2,3,4},

d 1—4
[wllzs < CIVwllpzl|wllz* + Cllwllze forwe HY(O),  (2.7)
IR :
IVw|[ps < CID wl| " lwllze " + Cllwllz: forwe H*(0).  (2.8)

Proof. Forp=4, q,r =2, =0, m =1 we get

1 1 1 1-6 1 6 d

and for the same p,q,r but j = 1, m = 2 we can see that

11 1 2\ 1-6 1
:+9(—>+— -

1.1 20
4 d 2 d 2 d d

1 /d
:>e_2(4+1>e[o,1]. 0

1
2
Theorem 2.12 (Poincaré inequality). Let O C R? be a bounded Lipschitz domain and p €
(1,00). There exists C = C(O) > 0 such that

lw = @l ooy < VW) for all w e WH(0), (2.9)

1
O]

where W = / w denotes the mean value of w.
@]

Proof. Suppose, the statement is false. Then for every n € N there would exist w, € WHP(0)
with ||wy, — wy||r > n||Vwy| r and WLOG ||wy, — Wy, ||zr = 1 and w,, = 0 (one may consider

Wn—Wn__) We conclude ||Vwy||rr < % and for a subsequence

Wn = Tw,—@nllr =

Wy, — w in WHP(0), wy, — w in LP(O) and | Vwn, || » — 0,

such that w € WP(0) with Vw = 0. Hence for a standard mollifier ¢. we have V(¢. xw) =
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¢s * Vw = 0 which with Fubini leads to
L@rw@de= [ [ ow-puwdyde= [ [ o.@—yu@dey
= [ o [ e —yydedy= [ w@) [ ¢l -y dedy

e—0

— [ w(y)-1dy =w- |0,
O

s0 ¢ xw — ¢ for e — 0 for some constant ¢ € R. Since ¢ xw — w in LP(O) as € — 0, we
conclude w = c a.e. in O. Since wy, — w in L”(O), the mean values satisfy w,, — w = c.

But wy,, =0 for all k, so ¢ =0, i.e. w = 0. However, since wy,, — w =0 in LP(O), we have
1 = [lwn,, — Wn,[|r = [[wn, [lr =0,
a contradiction. Hence the Poincaré inequality holds. O

Lemma 2.13 (Sobolev embeddings). Let O C R be a bounded Lipschitz domain and k € N,
1 <p < oo. Then we have the following embeddings

(i) Subcritical case (kp < d):

k.p q <qg<p'i= .
WHP(Q) — L1(0O) forall1<q<p it

(ii) Critical case (kp = d):

WEP(O) = LY(O)  foralll < q < oco.

(iii) Supercritical case (kp > d):
k 0,a ( d
WHP(Q) — C”*(O) fora:k—ge(o,l),

and in particular
WEP(O) < L®(0).

(iv) Hilbert space case (p =2, s> d/2):

H?*(O) < L*™(0) for s > g

In particular, for d =1: H'(O) — L®(0), and for d € {2,3}: H*(O) — L>(0).
(v) Compact embeddings (Rellich—Kondrachov): If kp < d,

Wkr(0) & LY(0) forall1l < q < p*,

and if kp > d,
WhP(O) < C(0).
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d
(vi) Negative Sobolev spaces: For s > 5
LYO) — H*(0).

Here, as throughout this thesis, H °(O) := (Hs((’)))/ denotes the dual of the full
Sobolev space H*(O) (paired via the L*(O) inner product), not the dual of H§(O).
The embedding follows directly from (iv): since O is a bounded Lipschitz domain,
H*(0) — L®(0) for s > d/2, so f € L*(O) defines a bounded functional ¢ — [, f¢
on H*(O) with |(f, )] < [|fllLrllllze < CNflrrl[dl -

All embeddings are continuous.

Proof. See [Eval0, Chapter 5] and [AF03, Chapter 6] for (i)—(v); (vi) is the direct duality

argument given above. O

Lemma 2.14 (Interpolation in positive Sobolev spaces). Let O C R? be a bounded Lipschitz
domain and 0 < p < 1. Then there exists C = C(O, p) > 0 such that

1fllze < CUAI A0
for all f € H(O).

Lemma 2.15 (Interpolation in negative Sobolev spaces). Let O C R be a bounded Lipschitz
domain and 0 < 6 < €. Then there exists C' > 0 such that

1 1-6
1ll-s < CUAIGEN £
for all f € L*(O), where H=°(0), H¢(0) are understood in the sense of Lemma 2.13(vi).

1 1
Lemma 2.16 (Product estimate in Sobolev spaces). Let O C R, ¢ € (0, 5) and p =0+ 7
Then there exists C > 0 such that

1f9llz20) < Clfl-50)ll9ll e o)
for all f € H%(O) and g € H(0).

Proof. We can calculate

|f9llrz = sup (f,g¢)

el 2=1

1)
< sup || fllg-sllgdllms
||¢HL2:1

2

(2
< sup |[fllg-s - CligllaellollL:
||¢HL2:1

= Clifll-sligllze,

where the inequalities hold because of the following arguments:
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(1) Definition of the dual norm ||f||gz—s = sup (f, ), applied with ¥ = g¢ / ||go|| gs-
11l s =1

(2) Multiplication estimate: Since p = 6 + 5 > 3, we have H?(O) — L>°(0) when d =
1, and g hence is a bounded multiplier on L?*(®). The interpolation identity H° =
[L?, H's (complex interpolation, see [Tri95, Chapter 4] or [BS88, Chapter 4]) yields
l9llers < Cliglize |l 2

See [RS96, p. 238]. 0

Theorem 2.17 (Gronwall’s inequality, differential form). Let y: [0,7] — R be absolutely
continuous with y(0) < yo and

y'(t) <alt)+B(E)ylt)  forae te[0,T],
where B, € L*(0,T). Then
t d t s d
y(t) < eJo B() ds (yo +/ a(s)e” Jo B rds) for allt €10,T]. (2.10)
0
Proof. Define the integrating factor
wu(t) ==e- b Ale)ds,

Since 8 € L'(0,T), u is absolutely continuous, positive, and satisfies /'(t) = —B(t)u(t) for
a.e. t € [0,T). Set z(t) := p(t) y(t). Then z is absolutely continuous and, for a.e. t,

Z(t) =@ () y(t) + n)y'(t) = nt) (') — BE) y(t) < p(t)a(t)

Since y is bounded and o € L*(0,T), pa is integrable. Integrating from 0 to ¢ gives

(6 < 2O+ [ wl)als)ds = w(0)y0)+ [ als)e 0T as <y [ age) e IO,

using 1(0) = 1 and y(0) < yp. Dividing by u(t) > 0 yields (2.10). O

Let us collect some more versions of the Gronwall inequality in the following.

Lemma/Corollary 2.18. Let yo € R, p € (0,1), C; € R, Cy > 0 and «, 1, B2 € L*(0,T).
Then for absolutely continuous y: [0,T] — [0,00) with y(0) < yo the following statements

hold.

¢
(i) If y' (t) < Cy + Coy(t)? ory(t) < C1 + CQ/ y(s)’ds for a.e. t € [0,T], then
0

y(t) S C(p7 Cla027T7 yO) Yt S [O,T]

() 11/ (6) < BOU0) + B0 or v(®) < w0+ [ Brlsly(s)ds + [ Balohu(s) ds for
a.e. t €[0,T], then

1

t t s 1—p
y(t) < efo Bi(s)ds <yép +(1- p)/ ﬁg(s)e_(l_p) fo Bi(o)do ds> e ]
0
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(iii) If y(t) < C1 + Cy /t(t — 5)P7Ly(s)ds for a.e. t € [0,T], then
0

y(t) < C1C(p, T, C2).
(iv) All inequalities from before also hold for y of the from

y(t) = E[ sup IX(S)IQ] ;

s€[0,t]

when we use the integral formulation. For example when proven the first inequality here

E[ sup | X (s)[”
s€[0,t]

<Ci+ CQE[ sup / X (0)*do
s€[0,t] Y0

t
SC'1+02/ ElSUP |X(U)’2]>
0

o€[0,t]

we can use (ii) or Theorem 2.17.

Proof. (i) Since p < 1, the function g(y) := Cy + Cay” is continuous and the ODE 2/(¢) =
g(z(t)), 2(0) = yo, has a global solution on [0,7] by the comparison principle. By

/Z(t) do ;
Yo Cl +02 oP v

and since p < 1 the left-hand side diverges as z — 00, so z(t) < oo for all t € [0,T]. By

separation of variables,

the comparison principle y(t) < z(t) < C(p, C1,C2, T, yp).

(ii) Since p < 1, the map z(t) := y(t)'* is well-defined and, wherever y(t) > 0, absolutely
continuous with #/(t) = (1 — p)y(t) "/ (t) < (1~ p)B(y(t) ™ + (1 - p)Balt) = (1 -
p)B1(t)z(t)+ (1 —p)Ba2(t) for a.e. t with y(t) > 0; on {y = 0} we trivially have z = 0 and
the same differential inequality holds since 2’ = 0 there (a.e., by the a.c. chain rule for
t— y(t)' ). Applying Gronwall’s inequality (Theorem 2.17) with a(t) = (1 — p)Ba(t),
B(t) = (1 - p)Bu(t) and 2(0) =y * yields

t t s
2(t) < e(1=P) Jy Bi(s)ds <yép +(1- p)/o 52(8)6—(1—:0) Jy Bilo)do ds) 7

and raising both sides to the power ﬁ gives the claim.

(iii) See [Hen81, Theorem 1, p. 188] or [Hen81, Lemma 7.1.1].
t

Lemma 2.19 (Semigroup estimates). Let O C R? be a bounded Lipschitz domain and let
(em)tzg be the Neumann heat semigroup on O. Let A1 > 0 denote the first positive eigenvalue
of —A under Neumann boundary conditions. Then there exists a constant C > 0 depending

only on O with the following properties.

(i) Contraction: For 1 < p < oo and w € LP(0),

A
el < el (2.11)
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(ii) Spectral contraction of (¢! —I): For w € L*(0),

e = Dullgs, < (1— e O)wlls,  for allt >0,
(7ii) LP-L? smoothing: For 1 < q < p < oo and w € LY(O) with [,w =0,
lewlly < C (1 + ti(éé)> M wlyy  orallt >0,

(iv) Gradient smoothing: For1 < q<p<oo and w € L1(0O),

1

d
HVetAwHLg <C (1 + t22(a11117)> e*)‘ltHwHqu for allt > 0.

(v) Gradient contraction: For 2 <p < oo and w € Wl’p(C’)),

HVetAwHL% < Ce_’\1t||Vw||Lzé for allt > 0.

(vi) Smoothing with divergence: For 1 < ¢ < p < oo and w € (C°(0))?, (compactly
supported, since C°(QO) is dense in LI(O) for 1 < q < oo, which is what is needed
below to extend '™ div to all of (LY(0))? by density)

1

|2 divaLg <C (1 + t2g(¢lzzl7)> ef’\ltHwH(L?D)d for allt > 0.

Consequently, for all t > 0 the operator !> div possesses a uniquely determined exten-
sion to an operator form (L1(0))? to LP(0O).

(vii) Sobolev smoothing: For w e L*(O), a >0, and t > 0,
e wll g < CE2(|w]] 2.
(viii) Hélder regularity in time: For w e H*(0), 0 € (0,1), and t > 0,
(e — Dwll 2, < CtJlwl| 2.
(iz) Fractional powers: For w € L*(0), a >0, and t > 0,

A —
l=A)%e 2] 2 < Ot ]z,

(z) Generalized Sobolev smoothing:' Forw € H *(0) and o, p € R with o+ 2p > 0,

e ||wHH(;2p forallt > 0.

tA —
lle wHHg <Ct

'This estimate, generalizing (iii), (vi) and (vii) to arbitrary real Sobolev indices, was first found with the
assistance of the Al system Claude and subsequently verified against the source cited below.
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(zi) Generalized Hélder regularity in time: For w € H**%(0), o >0, 0 € (0,1),
tA 0
[(e™ = Dwllug < C't Hw||Hg+29 for allt > 0.
In particular, the existing estimate (viii) is the special case o = 0.

Proof. For (i): Let ¢ be the solution to d,¢p = A¢ in O x (0,T), duolso = 0 in (0,7,
¢(-,0) = w in O (hence ¢(t) = e'*w). Then

1d
Ciloln, = [1op20,= [ 1ol 2oa0 =~ -1) [loP Ve <0 (212)

and hence
le"2w|| e = [|¢(t)l|lzr < [|6(0)||zr = [Jw]|Lo- (2.13)

See [Winl0, Lemma 1.3] for (ii)—(v) and [Paz83, Chapter 2] and [Hen81, Chapter 7] for
(vi)—(viii). Estimates (ix) and (x), stated for general real Sobolev indices, follow from the
same analytic-semigroup fractional-power calculus, see [Paz83, Chapter 2, in particular The-

orem 2.6.13]; (x) is the special case o = 0 recovering (viii), as already noted above. O

Lemma 2.20. Let O be convex and bounded, w € C*(O) with d,w|so = 0. Then
d,|Vw|* < 0. (2.14)

Proof. Let g € 00. We have Vw(z)-v = 0, and hence Vw(zg) € T,,00. Since O is convex,
there exists to > 0 and a path z € C*([0,to]; 00) with 2(0) = ¢ and 8;x(0) = Vaw(xo). Since
v(z(t)) - Vw(z(t)) = 0 for all ¢t € [0, tp] differentiation with respect to ¢ yields

(Dv)(x(t)) - Opx(t) - Vw(z(t)) + v(z(t)) - (D*w)(z(t)) - dx(t) =0 YVt e (0,t0) (2.15)
and at ¢ = 0, substituting 0;x(0) = Vw(xp), we get
(Dv) (o) - Vw(zo) - Vw(xo) 4+ v(zo) - (D*w)(20) - Vw(zg) = 0. (2.16)

Since O is convex, the shape operator Dv of JO is positive semi-definite (see e.g. [Car76]),

and D?w is symmetric, so we can conclude

= Vuw - (D*w) v

o

— —(Va(xo))T - (Dv)(z0) - Veo(ao) < T

o

1
§8V\Vw|2

Lemma 2.21 (D?logw-identity for Neumann functions). Let O C R? be bounded with C*
boundary and let w € C*(O) with w > 0 in O and d,w|so = 0. No convexity of O is required

for this lemma. Then the following two identities hold.

(i) (Pointwise algebraic identity.)

D2wl2 4 2 A
/w|D210gw|2da::/ l‘ wl” _ [Vl + Vel Aw dz. (2.17)
@] @]

w w3 w?
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(i) (Boundary identity.)

Awl|? D?w|? A 4 1 1
—/ [aw® dx:/ D7l 3[Vul Y4 Vel dx+f/ —0,|Vw|? dz.

o w o w 2 w? w3 2 Joo w
(2.18)

If, in addition, O is convex, then by Lemma 2.20 the boundary term in (2.18) satisfies
/ 19, |Vl dz < 0.
00

Proof. (i) A direct computation gives the pointwise matrix identity

| D2w|? n |Vw|* B 2D2w : (Vw ® Vw)

2 2 _
|D*log w|* = 2 o 3

)

where the last term can be integrated by parts (using V|Vw|* = 2D?*w-Vw) after multiplying

with w

D2w - . 2. 27 4
_2/ (D*w - Vw) - Vw dx:—/ V|Vw|* - Vw dx:/ |Vwl W e — 9 |Vwl dr,
(@ w2 (@) ’LU2 O 'IU2 o w3
which, multiplied by w and integrated, gives (2.17).
(i) By [Win12, Lemma 3.1], for every h € C*(R) and every ¢ € C%(O) with 9,¢|so = 0,

2 2 1
/ W (p)|Ve|*Apdz = —7/ h(s@)!AsOdeJrf/ h(p)| D*p|* dz — 7/ W' ()| Vel da
o 3Jo 3Jo 3Jo

1
3 [ W), |Vl da.
00

Applying this with ¢ = w and h(s) = 1/s (so h/(s) = —1/s%, h”(s) = 2/s%) and rearranging
yields exactly (2.18). O

Definition 2.22. Let X be a topological space, M C X and r: X — M continuous. M is

called retract of X and r is called retraction, if r|y; = idyy, i.e., r7(z) = z for all z € M.

Lemma 2.23. For any xg € R? for d € N and any R > 0 0Bg(zq) is not a retract of
BR(.%'()) Q Rd.

Proof. The proof of this statement is not as simple and straightforward as it seems. It can
be found in [Zei86, Proposition 2.5] and is only sketched here.

Without loss of generality we set zg = 0. Suppose there exists a retraction r: Bg — 0Bg.
Then the functions f(z) = x — r(z) and g(x) = 0 have the same values on 0B and hence
have the same amount of fixpoints in Bp, which is only one at x = 0. Hence r(0) =0 ¢ 0Bgr

which is a contradiction. O

Theorem 2.24 (Brouwer fixed point). Let M C R, d € N, nonempty, convezx, compact and
let f: M — M be continuous. Then f has a fizpoint.

Proof. The proof is split into two cases.

1) Let R > 0. Suppose f: Bg — Bgr would have no fixed point. Then we could construct a
mapping which maps x to the ray from f(z) through x. Exactly one point in 0 Bgr would
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lie on this ray, call it 7(x). We would hence have a continuous function r: Bg — 0Bpg
with 7(x) = x for all # € dBg. This 7 would be a retraction from Bg to dBg which is

a contradiction to Lemma 2.23. Hence f has a fixed point.

2) For any M C Rd, d € N, we can find a ball Bg such that M C Bg and a retraction
r: Bg — M. Then with Case 1 for: Bg — M C Bpg has a fixed point # € im(for) C
M, which by definition of r as a retraction fulfills r(z) = x, and hence = = f(r(z)) =
f(a).

O]

Definition 2.25. A set M is called precompact if M is compact. This is equivalent to the

property that every sequence (z)neny € M has a subsequence converging in M.

Definition 2.26. Let X,Y be Banach spaces and T': dom(7') C X — Y be an operator. T

is called compact if T" is continuous and maps bounded sets into precompact sets.

Lemma 2.27 (Mazur). Let X be a Banach space and K C X compact. Then conv(K) is

compact in X.

Proof. Since X is complete, it suffices to show that conv(K) is totally bounded. Let & > 0.

n

Since K is compact, it is totally bounded, so there exist x1,...,z, € K with K C U B (z;).
i=1

Let C' := conv{zy,...,z,}, the continuous image of the compact simplex {\ € [0,1]" :

Z Ai =1} under A — Z Aix;, hence itself compact.

m
We claim conv(K) C C + B.(0). Let x = Z,ujyj € conv(K) with y; € K, p; > 0,
j=1
Z,uj = 1. For each j choose i; with y; € Be(z,), i.e. y; =z, + z; with [|z;||x < e. Then
J

m m
T= DTy D 1,
Jj=1 Jj=1

where the first sum lies in C' (a convex combination of the z;’s) and the second has norm

< Z 1]zl x < e, proving the claim. Since C' + B.(0) is closed (a compact set plus a closed
ball]), conv(K) C C + B.(0).

As C'is compact, it has a finite e-net ¢, ..., ¢, so C + B.(0) C LkJ Bs.(¢;). Hence conv(K)
is covered by finitely many balls of radius 2¢. Since € > 0 was alfl:)iltrary, conv(K) is totally

bounded, and being closed in the complete space X, it is itself complete. A complete, totally

bounded metric space is compact. ]

Theorem 2.28 (Schauder fixed point). Let X be a Banach space, M C X nonempty, convet,
compact and T: M — M continuous. Then T has a fized point.

Theorem 2.29 (Schauder fixed point). Let X be a Banach space, M C X nonempty,
bounded, closed, convex and T: M — M compact. Then T has a fixed point.
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Proof of Theorem 2.28. Letn € N. Since T'(M) is precompact, we find finitely many y1,...,yny €
N

T(M) such that T (M) C U B (y;) and define
=1 "

N N
=Y i@y [ Y ai(x),  aiz):= (i — Tz - yz‘HX)
=1 =1

J’_

Then dimspanim(P,) < N and

—1a4( 33)1

HZ =14 JJ) Yi

For the convex hull M,, = conv({y1,...,yn}) (see Lemma 2.27) we have M,, C conv(T(M)) C

M since M is convex, P, : M, — M, is continuous and M,, C RY convex und compact.

Vo € M.

X

[Po — Tl x = -
n

H Zz 1 a’l )(
1 a,(m)yz

With Brouwer’s fixed point theorem (Theorem 2.24) there exists x,, = P,(x,) and since

M is compact there exists x € M and a subsequence (zy, )ken With x,, — = and

n—oo

[2n = Tl x < |Pan = Txn|lx + [Tz — Tl x —— 0,

< T continuous

3=

hence z = Tz. O

Proof of Theorem 2.29. Let A := conv(T(M)) C M. Then A is convex and compact with
T(A) C A. Hence T: A — A has a fixed point in A C M. O

Lemma 2.30. Let O C R? be a bounded Lipschitz domain, F € L*(0,T; L*(0)) and wy €
LX(0). If w fulfills

ow = Aw + F(w), n[0,T] x O,

O,w =0, on [0,T] x 00,

w(0,-) = wp, on O,

then the mazximal regularity holds, i.e., there exists a constant C > 0 such that
ol s, + il 12 < € (lwollZz + 1F(w)l3s 2 )
Proof. We can calculate with Young’s inequality
1 2 1 2 2 1 2 1 2
Ollw@®lzz < 50 w®llz: + Vet = | wt)Fwt) < Sllw®)Le + 5 IF )L,
as well as
1 2 2 1 2
FOIVw(t)l[z2 +[|Aw(t |72 = , At Fw(t) < *HAw( Mz + S IHEF )]z,

which leads to

0 (Iv e+ [ 1Al ds) < 1)
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Using Gronwall we obtain

)1 < e (ol + [ 1Pz as)

and
t t
IVw(t)||7 +/0 [Aw(s)|72 ds < [lwol|7 +/0 |1F(w(s))72 ds,

which proves the claim. O

2.2 Probabilistic Setting and Cylindrical Wiener Processes

Throughout this thesis, 2 = (Q, F,F,P) denotes a filtered probability space, where F =
(Ft)iejo, is a filtration on (2, F,P). We always assume that 2 satisfies the usual conditions,
i.e. that (Q,F,P) is complete, that Fy contains all P-null sets of F, and that F is right-
continuous, F; = ﬂ Fs for all t € [0,T). These conditions guarantee, among other things,

that hitting timessgft closed sets by continuous adapted processes are stopping times.

A stochastic process X : [0, x Q) — E with values in a Banach space E is called F-adapted
if X (t) is Fi-measurable for every t € [0,T].

A stochastic process X: [0,7] x  — E with values in a Banach space FE is called pro-
gressively measurable with respect to F if for every ¢ € [0,7] the restriction X |[07t]><ﬂ is
B(]0,t]) ® Fi-measurable. Every F-adapted process with P-a.s. right-continuous (in particu-
lar continuous) paths is progressively measurable.

Before introducing the cylindrical (infinite-dimensional) Wiener process used throughout
this thesis, we recall the classical real-valued building blocks it is assembled from.

A real-valued process 8 = (8(t))e[o,r) on 2 is called a (standard, real) (F)- Wiener process
(or Brownian motion) if 4(0) = 0 P-a.s., § has P-a.s. continuous paths, 3 is (F;)-adapted,
and for all 0 < s < ¢ < T the increment 5(t) — B(s) is independent of Fs and normally
distributed with mean 0 and variance ¢ — s. For a progressively measurable real process
X with E[fOT X (s)? ds] < oo, the (real) It6 integral [j X (s) dB(s) is defined as the L*(Q)-
limit of Riemann—It6 sums Y-, X (¢;)(B(tit1 At) — B(ti At)) over partitions of [0, t] with mesh
tending to zero (using the left endpoint X(¢;), in contrast to the Stratonovich integral of
Section 2.6). It defines a continuous, square-integrable real martingale with E[( [3 X d,B)Q] =
E[ J§ X (s)? ds]; see [DZ14].

Let H be a separable Hilbert space with orthonormal basis (ex)kez. A cylindrical Wiener
process VW on H over 2 is formally given by the (not H-valued, but well-defined as a sum of

independent real Wiener processes) series

W(t) =Y Br(tes,  te[0,T],
keZ
where (B)rez is a family of independent real-valued standard (F:)-Wiener processes.
Given a further separable Hilbert space K (in this thesis, typically K = L*(O)), an opera-
tor ® € L(H, K) is called Hilbert-Schmidt if | ®||?q := Y ezl ®ex||% < co. The space of such
operators, equipped with |[|-||gg, is itself a separable Hilbert space, denoted Lo(H, K) [DZ14,
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Appendix C]. For a progressively measurable process ®: [0,7] x Q@ — Lo(H,K) with
IEUOTHCI)(S)H%{S ds] < oo, the stochastic integral [} ®(s) dW(s) is defined as the K-valued
process

/<I> dW(s Z/@ Jer dBr(s), t € 0,77,

kEZ

which is a well-defined square-integrable K-valued martingale satisfying the It6 isometry
E[||fs ® dW||%] = E[ [7]|®(s)||}s ds], and its maximal moments are controlled by the Burkholder—
Davis—Gundy inequality of Theorem 2.35 below.

For p > 1, a Banach space E, and R € {,2, | n € N} a (fixed or truncation-indexed)
filtered probability space of the type above, with sample space Qg and expectation Eg (so
QQ[ = Q, EQ[ = E, and QQ[H = Qn, Ean = En), we write

ME(0,T; E) := {X: [0,T] x Qx — E progressively measurable w.r.t. the filtration of R ‘

= Ex [ sup X ¢ )] < oo},

111
ME( (0,T:E) te[0,T

a Banach space under ||| M2, (0.T:E) (two processes being identified if they agree R-a.s. for
a.e. t). This is precisely the space denoted My(0,T;L*(0)) and M3 (0,T;L*(0O)) for its
truncation-level-n analogue, used throughout Chapter 4 (e.g. in (4.10) and Theorem 2.35
above) as the natural Banach space of stochastic processes on which the fixed-point argument

of Section 2.7 is carried out.

2.3 Solution Concepts for SPDEs

We collect here, following [DZ14], the notions of solution for an abstract stochastic evolution

equation
dX (t) = (AX(t) + F(X () dt + G(X(t)) dW(¢), X(0) = X, (2.19)

on a Hilbert space K, where A generates a Cp-semigroup (etA)tZO on K (in our application,
K =IL*O)and A=A or A=A ++I, cf. Lemma 2.19), F: K — K, G: K — Ly(H, K),
and W is a cylindrical Wiener process as in Section 2.2. This is the abstract framework

instantiated by (4.1) after the conversion of Section 4.2.1.

A word on what (2.19) actually means is in order, since it is easy to misread by analogy
with a deterministic PDE. For a deterministic evolution equation u(t) = Au(t) + F(u(t)),
the notion of a classical solution is unambiguous: u is (continuously) differentiable in ¢, and
the equation holds pointwise for every ¢. This notion does not carry over to (2.19), because
W is, P-a.s., nowhere differentiable in ¢ (this is a standard property of Brownian motion,
inherited by every component (3 of W; see e.g. [DZ14]) — so there is no function “dW/dt”
for which (2.19) could hold pointwise in the classical sense, no matter how regular X, A, F, G

are. Consequently, (2.19) is, by definition, only ever notation for the corresponding integral
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equation

X (1) :X0+/Ot (AX(s) + F(X(s))) ds+/0tG(X(s))dW(s), t € 0,7,

where the second integral is the It6 integral of Section 2.2, and analogously for the weak
and mild formulations of Definition 2.32 below. Even the strong solution notion of Defi-
nition 2.32(i), which is the SPDE analogue closest to a classical PDE solution, requiring
X(t) € dom(A), is therefore an integral-equation notion, not a pointwise-differential one.
This is what distinguishes it from an actual classical solution and is the reason all solution

concepts in this thesis are stated as integral identities.

Definition 2.31 (Martingale). Let 2 = (Q, F,F,P) be a filtered probability space and K a
Banach space. An F-adapted, integrable process M : [0,7] x Q — K is called an F-martingale
if E[M(t) | Fs] = M(s) P-a.s. for all 0 < s <t < T. It is called a local martingale if there
exists a sequence of F-stopping times 7, T 1" P-a.s. such that each stopped process M (-A1,) is
an F-martingale. Every martingale is a local martingale, but a local martingale need only be
a genuine martingale up to an “escape to infinity” along (7,,), which is why local martingales
without further integrability information cannot in general be handled by taking expectations
directly. All stochastic integrals / ® dW of Section 2.2 are, without further assumptions,
local martingales. They are genuine martingales precisely under the square-integrability

T
hypothesis ]E[/ | ®(s)||%g ds] < oo used there.
0

For a real-valued, continuous local martingale M with M (0) = 0, the quadratic variation
(M) = ({M)t)icjo,r] is the (up to indistinguishability) unique continuous, non-decreasing,
F-adapted process with (M) = 0 such that M? — (M) is a local martingale (Doob-Meyer
decomposition; see [DZ14]. More generally, for a continuous, K-valued (or La(H, K )-valued)

t
local martingale M arising as a stochastic integral M (t) = / ®(s) dW(s) as in Section 2.2,
0

t
we write (M); = / |®(s)||%g ds for the (real-valued, scalar) quadratic variation of M, so
0

that ||M(t)||% — (M), is a real-valued local martingale. This is the quantity controlled by the
Burkholder-Davis—Gundy inequality of Theorem 2.35 below.

Definition 2.32 (Solution concepts). Let Xy € K be Fyp-measurable and let 2 = (Q, F,F,P)
be a filtered probability space carrying a cylindrical Wiener process W on H over 2.

(i) An F-progressively measurable process X with X(¢) € dom(A) for a.e. ¢, P-a.s., is a
strong solution of (2.19) if P-a.s.

X(t) :X0+/0t (AX(s)+F(X(s)))ds—i—/OtG(X(s))dW(s) for all £ € [0, T].

(ii) X is a weak solution if for every ¢ € dom(A*) and t € [0,T], P-a.s.

(X0, = (X0, O+ [ (XA HFX (). ) st [ (G100 V).
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(iii) X is a mild solution if P-a.s.
t t
X(t) = e Xo+ / U=AR(X (s)) ds+ / =AG(X (s)) dW(s)  forall t € [0,T].
0 0

(iv) X is a martingale solution if, instead of being defined on a prescribed 2, one only
requires the existence of some filtered probability space 2 carrying a cylindrical Wiener
process W over 2 and a process X that is a solution (in one of the senses above)
of (2.19) over 2; i.e. only the joint law of (X, W), not the underlying probability space

itself, is prescribed.

For the sub-steps of the construction in Chapter 4 where the equation is not merely Lips-
chitz but genuinely linear (the drift affine in X via a fixed forcing f, and the noise coefficient

a fixed bounded linear operator, rather than a Lipschitz nonlinearity of X) [DZ14] treats
dX(t) = (AX(t) + f(t)) dt + G(X(¢)) AWV(1), X(0) = Xo, (2.20)

separately (Chapter 6), where A generates a Cy-semigroup on H, Xy is an Fy-measurable
H-valued random variable, f is a predictable process with a.s. locally integrable trajectories,
and G: dom(G) C H — Lo(H, H) is a linear operator with G(z) Hilbert—Schmidt for every
z € dom(G).

Theorem 2.33 ([DZ14, Theorem 6.7]). Assume A generates a Co-semigroup on H, E|| X% <
00, and G € L(H; Ly(H, H)) is a bounded linear operator. Then (2.20) has a unique mild
solution X € N7, (0,T; H), the space of H-valued predictable processes with ||X||/2\/3V(O’T;H) =

sup E|X(t)||% < oo (weaker than M3(0,T; H) of Section 2.2, where the supremum is taken
te[0,T

inside the expectation), which coincides with the weak solution.

Every strong solution is a weak solution (test (2.19) against ( € dom(A™*)), and every strong
solution is a mild solution (apply the variation-of-constants formula, i.e. 1t6’s formula to
t > 94X (s), cf. Theorem 2.37). Under mild additional assumptions (e.g. Xo € dom(A)
and enough regularity of A, F, G for the stochastic convolution to again take values in
dom(A)), a mild solution is also a weak solution, and the three notions coincide whenever X
is regular enough for all integrals above to make sense classically; see [DZ14] for the precise
statements. Since dom(A) = {w € H*(0) : d,w|po = 0} is a strictly smaller space than
L*(0), and the truncated solutions constructed in Section 4.2.2 are not a priori known to

take values there, it is the mild formulation that is used throughout this thesis.

2.4 The Burkholder—Davis—Gundy Inequality

Throughout this thesis, stochastic integrals are taken against a cylindrical Wiener process on
the Hilbert space #, with Ly(#, L?(©))-valued (Hilbert-Schmidt) integrands, in the sense
of [DZ14, Section 4.1]. The following maximal inequality, in the specific form used throughout
Chapter 4 and matching the version used in [HMT22a], controls moments of the running

supremum of such integrals in terms of moments of the quadratic variation.
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Theorem 2.34 (Kolmogorov—Chentsov). Let Y be a Banach space and let X : [0,T]xQ —Y
be a stochastic process such that for some p >0, a > 0 and C > 0,

E[|X(t) — X(s)|}] < Clt — s|*™  for all s,t € [0,T).

Then there exists a modification X of X which has P-a.s. Holder-continuous paths with ex-

ponent 5 € (0, %), and in particular

E| sup | X(t) — X(s)|%| <C'6*  for all § > 0.

jt—s|<6

Proof. See [DZ14, Theorem 3.3]. O

Theorem 2.35 (Burkholder-Davis-Gundy inequality). Let & = (€, F, (Fi)ejo,r),P) be a
filtered probability space satisfying the usual conditions, W a cylindrical Wiener process on
H over A, and & € MZ(0,T; La(H, L*(O))). Then for every p > 2 there exists a constant
C = C(p) > 0, independent of ® and T, such that

t P T p/2
E[sup /(I)(s)dW(s) <CE (/ ||<I>(s)||%2(HL2)dS> . (2.21)
tefo, 1] 10 L2 0 '
Proof. See [DZ14]. O

Lemma 2.36 (Burkholder-Davis—Gundy, localised). Under the assumptions of Theorem 2.35,
forany0<s<T andp>2,

p

<CE, (2.22)

s+h p/2
( | 1e)E: do)

for all h > 0 with s+ h < T, where C = C(p) > 0 is the same constant as in Theorem 2.35.

E, Lesup /St O (o) dW(0)

[s,s+h]

L2

Proof. Set ®(r) := 1(s 544 (r)®(r) and apply Theorem 2.35 from 0 to s + h. O

2.5 Stochastic Convolutions, 1t6’s Formula and the Yosida

Approximation

For an analytic semigroup (etA)tZO generated by an operator A (in our applications A = A
or A = A + I with Neumann boundary conditions, cf. Lemma 2.19) and a progressively

measurable, Ly(H, L?(O))-valued integrand ®, the process
t
(S.4®)(t) == /0 AP (s) dW(s), ¢ e 0,T),

is called a stochastic convolution. Unlike the stochastic integral of Section 2.2, &4 is in

general not a martingale, since the semigroup factor elt=9)4 depends on t.
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Theorem 2.37 (It6 formula). Let H be a Hilbert space, W a cylindrical Wiener-process on
H over 2 and let ¢ € C*(H;R). Let X € M3(0,T; H) be an adapted process which fulfills

X(t) :X(O)—i—/OtF(s) ds—i—/OtG(s) AW(s),  Vte[0,T],

where F € LY(0,T; H) and G € L*(0,T; Lo(H, H)) P-a.s. Then for allt € [0,T)] the following
holds P-a.s.

t

P(X(1)) = (X (0)) + | Do(X(s))[F(s)]ds + /Ot D¢(X (s))[G(s) AW (s)]

0

t
53 [ DX )G ) Gloen) ds.
Proof. See [DZ14, Theorem 4.32]. 0

Definition 2.38 (Yosida Approximation). Let H be a Hilbert space and A: dom(A) C H —
H be densely defined, positive and self-adjoint (possibly unbounded). We define the Yosida

Approximation
Ye=Yen:= T +eA)™ " H— dom(A), € (0,1).

Lemma 2.39. For H and A as before the Yosida Approximation fulfills the following:

(1) Yowedom(A) Ywe H and AY.w=Y.Aw Vw € dom(A),
. 1 1
@ VA= LY, Wiy <1 and [Vl < 1,
(vi1) w=limY.w YweH and Aw=I1imAY.w VYw € dom(A).

e—0 e—0

Proof. (i) Let w € H and set v := Y;w € dom(A) C H, so w = ([ +cA)v = v+ eAv. This
1
shows Av = g(w —w) € H, hence v = Y;w € dom(A). Additionally on dom(A)

1 1 1
AY. = E(I—i—EA—I)(I—i—aA)*l = E(I_ (I4+eA)™Y) = E(I—l—aA)*l(I—i—&?A—I) =Y. A

(ii) The identity follows from (i). For ||[Y:|lop < 1: let w € H and v := Y,w € dom(A).

Since A is positive:
lwlialvllz = (w,v)m = (I +eA)v, o) = [lollF +e(Av,v)m > o]l
hence ||Yowl||g < (w,Yew) y < [|w|g. For |[YoA|op < 1: from the above,
lw = Yewllfy = [lwlf — 2 (w, Yew) g + [Yewllfy < llwllF — [YewlF < llwlF-
Hence by the identity:

1 1
IYeAwllz = —[lw = Yewlls < —[[wla.
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(iii) For w € dom(A): using the identity and ||Yz||op < 1:

0
|Yew — wllgr = e YeAuwll < el Awlm =2 0.

For general w € H: since dom(A) is dense in H, for any n > 0 choose @w € dom(A)
with ||w — @[z < n. Then:

Yew —wlle < |[[Ye(w — )|z + [|@ — wlla + [[Yew — @l|g < 21 + ]| Ad || #-

For ¢ small enough the right-hand side is less than 37, and since > 0 was arbitrary,

Y.w — w.

For w € dom(A): by (i), AY.w = Y.Aw, and by the first part applied to Aw € H:
Y:(Aw) — Aw. O

Lemma 2.40. Let O C R? be a bounded Lipschitz domain and let Y, = (I—eAy) ™ : L?(O) —
dom(—Apy) = {w € H* | d,w|s0 = 0} be the Yosida Approxzimation of the Laplacian with
Neumann boundary condition. Then Y: maintains non negativity and the Neumann bound-

ary condition, i.e., for w € L*(O) we have 8, (Yow)|po = 0 and
w>0ae = Y.w>0 ae.

Proof. Let w € L*(O). Then u := Y.w € dom(—Ay), hence 8,ulpo = 0. Let now also w > 0

a.e. We obtain that u solves

/u<,0+6/ Vquo:/wgo Yo € HY(O).
@ @ ]

If we now test with ¢ = v~ = max(—u,0) € H'(0) with Vu~ = —Vu - 1,9 we obtain
wu” = —|u~|* and VuVu~ = —|Vu~|* and hence
—/ |u_\2—6/ \Vu_IQ:/ wu~ >0,
(@ (@ @
which implies Hu*HL?D =0, ie.,u” =0 a.e, hence u >0 a.e. O

2.6 Stratonovich Versus Ito

For a sufficiently regular real-valued process X and a real Wiener process 3, the Stratonovich
¢

integral / X(s) o df(s) is defined as the limit in probability of symmetric (midpoint) Rie-
0

mann sums

D 3 (X (tir1) + X () (B(tis1) — B(t:))

i
over partitions of [0,¢] with mesh tending to zero, as opposed to the It6 integral, which
uses the left endpoint X (t;) instead of the midpoint average. When X = f(j3) for a C?
function f, or more generally when X solves a stochastic differential equation of the same

type, the two integrals differ by an explicit correction term, and a Stratonovich SDE dX =
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b(X) dt+o(X)o df is equivalent to the Ito SDE dX = (b(X)+ 10(X)o'(X)) dt+o(X) dB;
see [DW14].

As discussed in Section 1.4, the Wong-Zakai theorem [WZ65] identifies the Stratonovich
integral as the natural limit of physically realizable (smoothly correlated) noise approxima-
tions, which is why it is the appropriate interpretation for the intrinsic multiplicative noise
uo dW in the cell-density equation of (4.1). Since the subsequent analysis (It6’s formula,
martingale arguments, the Burkholder-Davis—Gundy inequality) is most conveniently carried
out in the It6 calculus, the Stratonovich system (4.1) will be converted into an equivalent Itd

system before the fixed-point construction.

2.7 Compactness Methods and the Schauder-Tychonoff Fixed
Point

This section collects the compactness tools used to pass from the approximating solutions
T,€ of Section 4.2.2 to an actual mild martingale solution, since ¥, is not known to be a
compact operator (Section 2.7) and only tightness of the laws of ¥,,& can be established.

A metric space is called Polish if it is separable and complete. This is the standing regularity
assumption for the spaces of measures and processes below, and is satisfied by the path space
C([0,T); L*(0)) used throughout Chapter 4.

Definition 2.41. For a complete metric space X by M(X) we denote the space of all
measures defined on By, i.e., all non-negative, countably additive functions p on Bx with
n(X) = 1.

Definition 2.42. For a complete metric space X the family I' € M(X) is called uniformly
tight if for every ¢ > 0 there exists a compact set K. C X such that u(K.) > 1 — ¢ for all
pel.

Theorem 2.43 (Prokhorov). Let X be a complete separable metric space and I' C M(X).
Then
T is compact <= T is uniformly tight.

Proof. The proof can be found in [Par67]. O

Let T'> 0, Y be a Banach space and w;(d) := sup |[|z(¢t) — z(s)]y.
[t—s|<d

Lemma 2.44 (Arzela-Ascoli). Let A C C°([0,T];Y). Then A is compact if and only if the

following two conditions are satisfied:

{z(0): z € A} is compact inY and %in% sup wg(0) = 0.
z€A

Proof. Immediate consequence of the Ascoli theorem (see [Kel61, pp. 233-234]) and the

compactness of the interval [0, 7. O

Theorem 2.45. Let T' be a set of probability measures on X = C°([0,T];Y). Then T is

compact if and only if for each € > 0 there exists a compact set Le C'Y and a function w(d,¢)
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which decreases to zero as 6 \, 0 such that for all p € T the following two conditions are
satisfied:

p{z e X:2(0) € L)) >1— g and p({r € X: wz(0) <w(d,e)Vo}) >1— g

Proof. <= : Suppose that I" satisfies the two conditions. For ¢ > 0 the set K. = A. N B, is

closed, where
A ={rx e X:2(0) € L.} and B::={zx € X: wy(d) <w(d,e)Vd}.
By Lemma 2.44, K, = K, is compact and for all u € I' we have

c c ¢ c c € €
:U'(Ka) = M(Aa UB&) < :U'(Aa) +N(Ba) <5+ 5 =& — M(KE) >1-—e

\V)

Hence by Theorem 2.43, T is compact.
— : Suppose that I' is compact. Then by Theorem 2.43, there exists a compact set K,
such that u(K.) >1—§ forall p €. Set

Le:={z(0):x e K.} CY and w(d,e)= sup w(d).
reK,
Since evaluation at ¢ = 0 is continuous on X, L. is compact in Y as the closure of the image
of the compact set K.. We have w(d,e) N\, 0 as § N\, 0 by Lemma 2.44. Since for all z € K,
we have x(0) € L. and w,(d) < w(d,¢),

p{z € X: 2(0) € L}) = p(Ko) > 1- 2,

p({z € X+ wy(8) < w(8,e) Vo)) > u(K.) > 1 — %

for all eI O

Tightness alone does not give a fixed point, since weak convergence of laws does not give
almost-sure convergence of the underlying random variables on a fixed probability space.

This is remedied by the following representation theorem.

Theorem 2.46 (Skorokhod representation). Let S be a Polish space and (fin)neN, 1t prob-
ability measures on S with p, — . Then there exist S-valued random variables X,, X,
n € N, on a common probability space (Q, F,P), with Law(X,,) = pn, Law(X) = p, such that
X,, = X P-a.s.

Proof. See [Par67]. O

The Banach and Schauder fixed-point theorems of Section 2.1 (Theorems 2.28, 2.29) require
the underlying space to be a genuine Banach space and the relevant set to be compact, or the
map itself to be compact. Tychonoff’s theorem extends the Schauder fixed-point principle
to the setting of a general locally convex topological vector space X instead of a banach
space. This Schauder—Tychonoff theorem is the abstract principle underlying the fixed-point

construction used in this thesis.



3 The Deterministic Consumption Model

3.1 Formulation and Basic Properties

Let d € {1,2,3} and O C R? a bounded, convex domain with C? boundary (for d = 1,
i.e. a bounded interval, both conditions hold automatically). This is the standing hypothesis
of [Win12; TW12], on which the global existence theory of this chapter (Theorem 3.15) relies,
and it matches the hypotheses of Lemma 2.20 and Lemma 2.21 used within this chapter; mere
Lipschitz regularity, sufficient for Chapter 2, is not enough here.

We consider the Keller—Segel chemotaxis-consumption system

Ou = Au — div(uVv), in O x (0,00),
O = Av — uv, in O x(0,00),

(3.1)
oyu=0,v =0, on 00 x (0,00),

(u(0),v(0)) = (up,v0), in O.

The homogeneous boundary conditions of this system reflect the no-flux boundary conditions
(Vu—uVv)-v =0and Vv-v = 0 on 00, which ensure that neither cells nor chemoattractant
cross the boundary, and which are the natural choice for this system. The initial data are

required to satisfy

{uo € C(0), up >0 in (?, (3.2)
vg € WH*(0), vy >0 in O.
Definition 3.1 (Weak solutions). The pair (u,v) with
w € Lioe([0,00); LY(0))  and v € Ly ([0, 00); WH(0)) (3.3)
is called a global weak solution of (3.1) if
wv, uVov € L (]0,00); L1(0)) (3.4)

and for all ¢ € C§°(O x [0, 00)) the following two identities hold

—/OOO/Outpt—/Ouo@(-,O)Z—/OOO/OVU'VSO+/OOO/OUVU'VSO and  (3.5)
S PR S S

Remark 3.2 (Existence and regularity by dimension). The type of global solution that exists

depends on the spatial dimension d:

27
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e d = 1: global classical solution by standard parabolic theory.
o d = 2: global classical solution in bounded convex domains, see [Winl2, Theorem 1.1 i)].

e d = 3: global weak solution for arbitrarily large initial data, see [Winl2, Theo-
rem 1.1 ii)]; eventual smoothness for convex O with smooth boundary is established
in [TW12].

In all cases the regularized approximation and the properties of Lemma 3.5 are dimension-

independent.

Definition 3.3 (Regularized Problem and strong solutions). For F.(s) = Llog(1 + es) we

T e

define the system

Oue = Aue — div(usFl(u)Voe), in O x (0,00),

Ove = Av, — F(ug)ve, in O x (0,00),

Ou, v, (3.7)
Ov - v _07 on 00 x (0,00),

(u(0),v:(0)) = (uo,vo0), in 0.

For each ¢ € (0,1), problem (3.7) possesses a unique global classical solution (u,v.) €
CYO x[0,00))NCH(O x (0, 00)) satisfying ue, v. > 0in O x [0, 00), see [TW12, Lemma, 2.1].

Remark 3.4. Note that we have

=1
(8) al—% 1+es

1
lim F.(s) = lim - log(l14+es)=s  and lim F!

e—0 e=0 ¢
for all s > 0.
Lemma 3.5 (Nonnegativity and L>°-bound for v). The global solution (u,v) of (3.1) satisfies

u, v >0 a.e. in O x (0,00), (3.9)

and
[v(s )l e (0) < Mlvoll Lo (o) for allt > 0. (3.10)

Proof. The classical solutions (uc,v:) of (3.7) satisfy u., v. > 0 pointwise, so nonnegativity
of u and v follows upon passing € = ¢; — 0 via a.e. convergence. For the L™ bound: since
F.(u:) > 0 and v, > 0, the second equation in (3.7) yields

Vet < Avaa

i.e., v. is a subsolution of the heat equation. The parabolic maximum principle then im-
plies that ¢ — [[v-(-,t)|| L (0) is nonincreasing, giving [[ve(:,t)||L= < |lvo||L~ uniformly in e.
Passing ¢; — 0 yields (3.10); cf. [TW12, Lemma 2.3]. O
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Lemma 3.6 (Conservation of mass). Let (u,v) be a sufficiently reqular solution to (3.1).

Then the total cell mass is conserved, i.e.,

/ u(z,t)de = / uo(x) dx for all t € (0,00). (3.11)
@] @]

Proof. For sufficiently regular solutions, differentiation under the integral sign is justified by

the dominated convergence theorem, and we compute

d/ u= / up = / div(Vu —uVv) = / (Vu —uVv)-v =0, (3.12)
dt Jo 10) 1) 80

using the equation (3.1), the divergence theorem, and the no-flux boundary conditions. [

Remark 3.7. For weak solutions in the sense of Definition 3.1, the same identity follows
formally by choosing ¢ = 1 as test function in (3.5). A rigorous justification requires an

approximation argument, see e.g. [TW12, Lemma 2.2].

Lemma 3.8 (Dissipation of [v).

[v(- )10y < llvoll L1 (o) for allt > 0. (3.13)
Proof. Since u,v > 0 by Lemma 3.5, integrating the v-equation of (3.1) over O and using
the no-flux boundary condition gives —/ v = / Av — / UY = / uv < 0,80t —

v, o) = /Ov(‘,t) is non-increasing. O

3.2 Local Existence and Uniqueness

For the sake of completeness, we recall the standard local well-posedness result for sys-
tem (3.1), which follows from the analytic semigroup framework via a Banach fixed-point
argument, by the same technique used for the regularized system in the next section (there
yielding global existence, see [TW12, Lemma 2.1]); see [Paz83, Chapter 7] for the underlying

abstract semigroup local-existence theory.

Theorem 3.9 (Local existence and uniqueness). Let ug, vy satisfy the reqularity assumptions

stated above. Then there exist Tax € (0,00] and a unique pair of classical solutions
(u,v) € CUO x [0, Tinax)) N C*HO x (0, Tinax))

0 (3.1), and either Tyax = 00 or ||u(-,t)||pee + [|[v(-, t)||ppr1.00 = 00 as t = Trpax.

3.3 Global Existence via Energy Estimates

The local existence result of Theorem 3.9 does not exclude blow-up in finite time. To rule this
out, we derive uniform a priori bounds via an energy functional adapted to the consumption
structure of (3.1).
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Definition 3.10 (Energy functional). For non-negative u € Llog L(O) and v € WH?(0)

with v > 0 a.e. in O, define the energy functional

W (u,v) ::/ ulogu+2/ V)2 (3.14)

@] @
Remark 3.11. The second term in (3.14) is the Fisher information of v and equals % Jo @.
It is the natural counterpart to the entropy [, ulogu along the flow of (3.1), in contrast to
the classical production model where a cross term —p [, uv is required to compensate the

destabilizing source +Su in the equation for v.

Lemma 3.12. Let d € {2,3}. Then the solution (ue,v:) of (3.7) satisfies the identity

d VUEQ Vo |?
e+ [ b [oiptogur = [ R a D[ Lo vip
(3.15)

Proof. This is the general chemotaxis-fluid energy identity of [Winl12, Section 3], specialised
to the present setting (n,c,u, P) = (ue,v:,0,0) with f =id, x = 1 (hence g = id), ¥(s) =
2v/s and p(s) = logs in the notation of that paper; the term / ve|D?log v.|? is precisely
identity (2.18) of Lemma 2.21, applied with w = v., combined wi(gh the entropy identity for
the ue-equation. We do not reproduce the (lengthy) derivation here and instead refer to the

cited source. O

Lemma 3.13 (Energy—dissipation inequality). Let (u,v) be a sufficiently regular non-negative
solution to (3.1) with v > 0. Then

d
EW(U,U) + D(u,v) <0, (3.16)

where the dissipation D > 0 is defined as

Vul? 1 Vol?
D(u,v):/ [Vl +/ v|D2logv]2+§/ ikl (3.17)
o u o0 O v

Sketch. For the regularized system (3.7), defining D. analogously to (3.17) with u replaced

by F.(u) in the last integral, Lemma 3.12 together with Lemma 2.20 gives EW(UE,UE) +

1 1
De(ue,ve) = 5/ —0,|Vv.|* <0. Since F. — id, F! — 1 locally uniformly as ¢ — 0, and
Ve
(te,ve) — (u,v) with the necessary gradient/Hessian bounds on compact time intervals by
the a priori estimates underlying [TW12], the claim follows upon passing to the limit & — 0;

we omit the routine details. O

Corollary 3.14 (Uniform energy bound). Under the assumptions of Lemma 3.13,
W (u(-,t),v(-,t)) < W(ug,vo) for allt € [0, Thax), (3.18)
and consequently

sup  [u( )l Liogro) +  sup [/l )1 F20) < Cluo, vo)- (3.19)

te[O,Tmax) te [ s max)
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Theorem 3.15 (Global existence). Let d € {1,2,3} and let ug,vy satisfy the reqularity
assumptions of Section 3.1. Then the local solution of Theorem 3.9 is global, i.e., Tax = 00;

for d =2 it is a global classical solution, and for d = 3 a global weak solution in the sense of
Definition 3.1.

Proof. For d =1 this is standard one-dimensional parabolic theory. For d = 2 and d = 3 this
is exactly [Winl2, Theorem 1.1], applied with the notation of Remark 3.2. O

Lemma 3.16 (Higher integrability of u, eventual). Let d = 3 and let (u,v) be the global weak
solution of Theorem 3.15. For every p € (1,00) there exist t1 = t1(p) > 0 and C = C(p) >0
such that

/(’) uP(-,t) < C for allt > ty. (3.20)

Proof. See [TW12, Lemma 6.2], obtained via a weighted testing procedure with test function
o(ve) = (20 — ve)™? together with a Gagliardo—Nirenberg interpolation, building on the

eventual smallness of v.. ]

Lemma 3.17 (L°°-bound for u, eventual). Let d = 3 and let (u,v) be as above. There exist
T >0 and C > 0 such that

|u(-, )Ly < C forallt > T. (3.21)

Proof. See [TW12, Lemma 6.3], obtained from Lemma 3.16 via a bootstrap argument based
on variation-of-constants representations and parabolic Schauder estimates for fractional pow-
ers of —A + 1. O

3.4 Why Stochastic Analysis is Different

Several of the arguments used in this chapter carry over to the stochastic setting essentially
unchanged. The maximum principle underlying Lemma 3.5 is purely a property of the second
equation of (3.1), which is not directly perturbed by noise in (4.1), and continues to hold
pathwise. Likewise, the identity of Lemma 2.21 underlying the dissipation functional D is a
deterministic, pointwise algebraic fact about the function v at each fixed time and is reused
without modification in Chapter 4 (Section 4.2.5).

Other arguments break down and require genuinely new tools. First, local existence and
uniqueness (Theorem 3.9) was obtained via a deterministic Banach fixed-point argument on
a space of continuous functions. Once the equation for u is driven by a cylindrical Wiener
process, the natural solution spaces become spaces of stochastic processes, and the relevant
fixed-point argument can no longer be based on compactness or contraction of the solution
operator itself, only of the associated family of laws, forcing the use of Skorokhod-type com-
pactness methods in place of a direct Banach or Schauder argument (Section 2.7). Second, the
energy—dissipation inequality of Lemma 3.13 was derived by directly differentiating W (u,v)
in time. For the stochastic system this requires Itd’s formula rather than the chain rule
(Section 2.5), which produces an additional quadratic-variation (It6 correction) term that

must itself be estimated and is a genuinely new source of technical difficulty absent from the
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deterministic theory. Third, since solutions are no longer classical but only mild/mollified
via a Yosida approximation, several of the pointwise computations of this chapter can only
be justified along an approximating sequence, with the passage to the limit itself requiring
uniform, expectation-valued a priori bounds rather than the deterministic uniform-in-time
bounds of Corollary 3.14. These three points (stochastic compactness in place of determinis-
tic compactness, It0’s formula in place of the chain rule, and expectation-valued rather than
pathwise a priori bounds) motivate the analytical and stochastic-analytic machinery collected

in Chapter 2 and are addressed systematically in the construction of Chapter 4.



4 The Stochastic Consumption Model

A large part of this chapter is orientated towards the existence proof of [HMT22a] for the
one-dimensional stochastic Keller—Segel production model, adapted to the consumption struc-
ture (4.1).

4.1 Formulation of the Problem and Main Theorem

Let H be a Hilbert space and let T > 0. Let 2 = (Q, F,F,P) be a complete probability space

and F = (F).e(0,7) be a filtration satisfying the usual conditions i.e.,
(i) (Q,F,P) is complete, i.e., F contains every subset of every P-null set,
(ii) for each t > 0, F; contains all (F,P)-null sets and

(iii) the filtration (F¢).e(o,7) is right-continuous, i.e., 7 = ﬂ Fs for all t € [0, 7).
s>t

Let W be a cylindrical Wiener process defined over 2 on the Hilbert space H (see [DZ14,
Section 4.1]). (This means W is defined using an orthonormal basis of #.)

We consider the following system of equations, on the fixed finite time horizon [0, 7], T' > 0,

du = (Au — div(uVv)) dt + uwo dW, in O x (0,T]
O = Av — uw, in O x (0,7
(4.1)
dyu = 0,v =0, on 00 x (0,7
(u(0),(0)) = (uo, vo), in O.

Both equations are nonlinear in (u, v).

Since we model an intrinsic noise, the stochastic integral above is interpreted in the
Stratonovich sense (cf. [DW14, Section 4.5.1] and [WZ65] for the Stratonovich-Ité conver-
sion).

Let us recall the definition of a mild solution to the system (4.1). For a Banach space E
the space C°([0,T]; E) is the set of all continuous and bounded functions w: [0,7] — E.

Definition 4.1. We call a pair of processes (u,v) a mild solution to the system (4.1) if

w: [0,T] x Q — L*(O) is an F-progressively measurable process (cf. [DZ14, Definition 3.5])
and v: [0, T]xQ — H(O) is an F-adapted process such that P-a.s. (u,v) € C°([0, T]; L*(O))x

33
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C°([0,T); H*(0)) and satisfy for all t € [0, T] and P-a.s. the integral equation

u(t) = ey — /0 92 i (u(s) Vo (s)) ds + /0 Let=92(5) o AW (s), (4.2)

v(t) = Py — /Ot =)y (s)v(s) ds. (4.3)

Since we use compactness methods (Skorokhod and Jakubowski representation, see [BG99])
to show the existence of the solution, the given probability space will be lost, and we have to
construct another probability space. In this way, we will obtain a martingale solution, which

is also known as a weak solution in the probabilistic sense.

Definition 4.2. A martingale solution to the problem (4.1) is a tuple (A, W, (u,v)) such
that

(i) &= (Q,F,F,P)is a complete filtered probability space with a filtration F = (F).c(0,1]

satisfying the usual conditions,
(ii) W is a cylindrical Wiener process over 2 on some given Hilbert space H,

(iii) u: [0,T) x Q — L*(O) is an F-progressively measurable process and v: [0,T] x Q —
H'(0O) is an F-adapted process such that (u,v) is a strong solution to (4.1) over 2l in
the sense of (4.2).

Let us consider the complete orthonormal system of the underlying Lebesgue space LZ(O)
given by the trigonometric functions (see [HMT22a]), denoted here (ex)xrez — unlike the ¥y
notation of that reference, since 1 is reserved in this thesis for the cut-off function used in

the truncation of Section 4.2.2:

V2sin(2rkz), ifk>1, z €O,
er(r) =<1, ifk=0, z€O,
V2cos(2rkz), ifk< -1, z€O.

Since O C R is an interval, (ex)rez is precisely the standard real (periodic) Fourier basis of
L2(O); we write A\, := (27Tk)2 for the associated frequencies, used below purely as a decay-
rate index (via m; ~ (14 A,)~%/?) and not as Neumann-Laplacian eigenvalues. This basis

is chosen for the pointwise identity » (e,(jl)(ac))2 = v used in Section 4.2.1 below, which

kezZ
relies on the paired sine/cosine structure; it is not the same basis as the genuine Neumann-

Laplacian eigenbasis {ek}keNO used, e.g., as the Galerkin basis in the proof of Lemma 4.12
below — the two are unrelated orthonormal systems of L2((’)), reused for different purposes,
with No- versus Z-indexing serving as a visual reminder of which is meant. For the proof of
the existence of the solution, the driving noise W needs to satisfy the regularity assumption
given in the next hypothesis, ensuring that W takes values (in the Hilbert—Schmidt sense of
Section 2.2) in a space smoother than L*(0).

Assumption 4.3. For a sequence (n)kez C (0,00) with Z n? < oo and n_y = 1, for all

keZ
k € Z (this symmetry is what makes the correction term in Section 4.2.1 below a multiple
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of the identity, cf. the pointwise identity there), let H be the Bessel potential space H :=

{ Z crey : Z M 26% < oo}7 a separable Hilbert space with orthonormal basis e,(fl) = Npek,

keZ kEZ
k € Z (the parameter d; in this notation refers to the order of the potential space in the
sense of my, ~ (14 A\;)~%/2, i.e. H interpolates between L?(©) and smoother Sobolev spaces
depending on the decay rate of 7). Then the embedding ¢: H — L*(O), e](fl) = Nkek,

is a Hilbert-Schmidt operator in the sense of Section 2.2, since ||¢|%g = Zn,% < oo by

kEZ
assumption. The Wiener process VW is a cylindrical process on H, i.e. W = Z 5ke,(€61) =
keZ

Z NkPrex for independent real Wiener processes (S )rez, in the notation of Section 2.2.
kEZ

Remark 4.4 (Example). As a concrete instance of Assumption 4.3, following the construc-

tion of [HMT22a, Remark 2.4], one may take ny := (1 + (27rk:)2)761/2 = (14 M)~/ for

a fixed & > 3, so that H = H%'(O) (a genuine Sobolev space, since §; > 0) with or-

thonormal basis e,(fl) =1+ )\k)_él/ 2e;. The threshold 6; > % is exactly what is needed for
M o= an = Z (1+ (27rl~::)2)_61 < 00, since Z(l + k2)7% < o0 if and only if & > 35
kEZ keZ keZ

this is the source of the threshold used throughout Section 4.2 without further comment.
(In [HMT22a], the same construction is used with the stronger requirement §; > %, since
there H is additionally required to embed Hilbert—Schmidt into H?(O) for some v > %,
rather than merely into L?(0O) as in Assumption 4.3 above.)

Assumption 4.5 (Setting). Let ug € H*(O) and vy € H'(O) be two random variables over

2 such that
(a) up >0 and vy > 0;
(b) (ug,vp) is Fo-measurable;

(c) E[|juol|%] < oo and E[||[Vug|22] < oo, where g, > 0 and o € (0,1) are fixed expo-
nents with H*(0) < L*(0) (in particular ug € L?(0) automatically), matching the
compactness argument of Lemma 4.26 (specifically the definition of M. and L. there),

where this integrability is actually used;
(d) /vg € H'(O) P-a.s. (used in the proof of Lemma 4.69 below);
(e) there exists a deterministic K > 0 with [[vg[| (o) < K P-a.s. (used in Corollary 4.67
below, via the Hopf maximum principle bound |0, (¢)||ze < ||vo]|zee)-
We now state the main result of this thesis.
Theorem 4.6 (Main result). Let Assumption 4.3 be satisfied. Then for all initial condi-
tions (ug,v9) € L*(O) x HY(O) satisfying Assumption 4.5 and for all T > 0, there exists
a martingale solution (A, W, (u,v)) to the system (4.1). Moreover, there exists a constant
C = C(T,up,v0) > 0 such that

+E +E

T
E[ sup [[u(s)|| LiogLe /O IVo(s), ds] <C. (4.4)

sup ||[Vu(s 2
s IVu(s)12,

s€[0,T7]

The proof of this main result is presented in the following sections.
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4.2 Proof of the Main Theorem

4.2.1 Conversion to Ité Form

First of all we transform the system to the It6 Form.

The noise term u o dW in (4.1) acts on u through the (pointwise multiplication) operator
G(u): H — L*(0), G(u)h := uh, i.e. uo AW = G(u)o dW, and by definition of the cylindrical

Wiener process (Section 2.2), G(u) o dW = Z u egl) o dfy. For a scalar Stratonovich SDE
keZ
dX = b(X)dt+o(X)o dB, the equivalent Itdo SDE is dX = (b(X)+10(X)o' (X)) dt+o(X)dB

(Section 2.6); applied term-by-term to each channel k of G(u)o dW = Z(ue,(fl)) o df, with
k
or(u) = ue,(fl) so that o} (u) = e,(fl), the correction term for channel k is %Uk(u)a,;(u) =
,(651))2. Summing over all channels and using » (e,(c(sl)(a:))2 = v for ae. z € O (a
kEZ
pointwise identity for the trigonometric-type basis (e,(fl))kez of Section 4.1, with v, = Z n <
kEZ

pule

oo from Assumption 4.3), the total It6 correction drift is
1
5 éu(egl))z = %u =: yu, where we set v := %

Consequently, (4.1) is equivalent to the following system in It6 form, understood in the mild
sense of Definition 2.32(iii):

{ du = (Au + yu — div(uVv)) dt + udW(t) (4.5)

Ov = Av — uv

The remainder of this chapter works exclusively with (4.5); in particular, the operator B :=
A + I appearing throughout Section 4.2.2 onward is precisely the generator obtained by

absorbing the It6 correction into the linear part of the drift.

4.2.2 Step I: The Truncated System

0, |z| > 2,
(z):={e0,1], |z|e(1,2),
L, 2| <1,
and for n € N let
0, |ul=2m,
x
Yal@)=9(5) =€ 0,1, |z] € (n.2n),
1, lz| < n.

Obviously 1, — 1 pointwise for n — oo holds.
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Definition 4.7 (Truncated system). For fixed n € N, we define

duy, = (At + Yy — V(B (U, )0 (B2 (V5 )0 (h3 (0n, -)) div(un V) dE + w, AW(2)
&) O, = Avy, — UpUy,

(4.6)
with dyu, = dyv, = 0 on 90 x [0,T] and (un(+,0),v,(-,0)) = (up,v0) in O which fulfill
Assumption 4.5 and

R (un, t) = sup Jlun ()] £1(0) = lunll L oL
s€[0,t]

h?(vg, t) = St[lopt}IIan(S)lle(o IVUn| Lo (0,6:22);
sE

omt) = [ 190(5) o) ds = IVon oy

Since the nonlinear terms are hard to deal with, we introduce a system depending on some

¢ e M3, (0,T;L*(0)).

Definition 4.8 (¢-Truncated system). For fixed n € N and ¢ € M3 (0,T; L*(0)), we define
in O x[0,7]

dup, = (Auy + Yy — ULO2T3 div(EVY)) dt + u, AWV(t)
(* (4.7)

Ow = Av — &v
with dyu, = dyv = 0 on 90 x [0,T] and (un(-,0),v(-,0)) = (ug,vp) in O which fulfill

Assumption 4.5. Here \111 \112 and \113 are defined by

1
U (1) = n(R'(&,1) = Uy ( sup |’§(S)\|L1(O)> =1 (anHLoo(o,t;Ll(O))> :

s€[0,t]

1
W2 (1) = Pn(h* (v, 1) = Uy ( sup |VU(0)HL2(0)> = (n”VUHLoo(o,t;L?(O))) :

s€[0,t]
1
W0) = v10,0) = b [ 1906 oy ) = o (21900 )

Note that v is independent from n.

Lemma 4.9. For these three functions, a > b > 0 and a € (0,2], q € (0, %) the following are
true for all t € [0,T]

0) vy, (1) u ()17 < (2n)°,
(i) W ()" Sel[lopt]HVU(t-‘f’)H[i2 < (2n)",
(i) / U3 ()| Vo(s) |2 ds < 2n,

(iv) / W3 (5)1)| V()% ds < max(1,T)(2n)% .



38 Chapter 4. The Stochastic Consumption Model

Proof. For all t € [0,T] it holds that

Uy () sup [[€(s)]|70 < 197 ()" sup
s€[0,t] s€[0,t

]

seE

b
eIz < (%(t) SuopﬂHf(S)HL1>

b
=< (11{supse[o,ﬂa<s>mgzn} Slfloplllf(s)Hp) < (2n)".
sE

)

The same calculation leads to (ii). Let 7 = inf {s > 0: / |Vo(o) |3 do > 2n}, then
0

t t
3 2 2
[ e @ITs) I ds < [ 1 o, ancam V0@ I ds

tAT T
< [IVes) 3 ds < [ 190(s) s ds < 20,
0 0

Using Holder with p = q% yields

1 2
o

/Ot U3 ()| Vu(s) |9 ds < tr </0t \1;2(8)%”v”(5)||12ql ds>

« t &
<7 ([ IV ds)
0
< max(1,T)(2n)7 .

Lemma 4.10. For every q € [1,2], £ € M%[H(O,T; L*(0)) and t € [0,T], E l sup [1€(s)]]9

)

s€[0,t]
is bounded and hence sup [|(s)]|. < 0o Pp-a.s.
s€[0,¢] o

O]

Proof. For ¢ = 2 the statement is obvious. For ¢ < 2 we can use Holder in the probability

space and obtain the statement.

O]

We next want to prove existence and uniqueness of this system. For this we first obtain

some estimates for any v fulfilling the second equation of the system.

Lemma 4.11. In d = 1, for every v fulfilling the second equation of (4.7), there exists a

constant C = C(T) >0
t
o013 + 170 + [ 1Av(s)3ads < Cllollgy Baas. for all t € [0,7].
0

Proof. Using Gagliardo-Nirenberg in d € {1,2}, Young, we can calculate

%&:Hv(t)lliz + [ Vo)z = /Oﬁ(t)v(t)2 < €@ N2 llv(®) 124

g 2(1-4) _d 4—d !
<@ IVoOIZIlv@)z ™ < ZIVo®lze + —— €@l lo®l7e,
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4
which with Gronwall and sup [|(s)[| ;2" < oo Py-a.s. (since 1 < 2) gives us
s€[0,¢] o

4
4—d [t i-d
lo@)2: < e 2 SISy 12, < Oy (T d)full3s Poas.

For the second inequality we also just calculate with Young, Hélder, Sobolev embedding
H' L®ind=1

SOOI + 18003 == [ a(®)de) + 8003 = [ bro®so
< SIAVDIZ + LIEDR e < SIAv)Za + 310 132 () -
< 1AV + SIEDIIo(e) 3 = S1AeOIE + SIE@IR: (oI + Vo (2)132)
< 1800132 + D ZalwollZa + IO VL),
which leads us to
o0 (1900l + [ 1ao(s) 13 as)
< Culle®Zalols + I3 (I70@I3s + [ 1a0(s) e ds )
which again with Gronwall gives us
Voo + [ Ia0(s) I ds

)12, ds ¢ = [SlE@)I? 5 do
< IO ([Tugla + Calfonfs [ 11(s) I Fae 1627 as)

< (1) (I Veollfz + C1Co(T)wol7)  Pacas,

which proves the claim. O

Lemma 4.12. There exists a solution for the second component in system (4.7) fulfilling
v e L0, T; H(0)) N LA(0,T; H*(0)) P-a.s.

Proof. We will work pathwise, i.e., for fixed w € € and the proof will be split into two parts.

1. Galerkin-Equations: Let {ek}keNo be an orthonormal basis of L?(O) existing of eigen-

functions of —A with Neumann boundary conditions. Let us define the orthogonal projection

m
Pp: L2(O) = Vi, w— Z (w,ek>Lé er, with V,, = span{eg,...,em}.
k=0
m
If we now set v, (t) = Z ck(t)er we can see that
k=0

8tvm = Pm(A'Um - fvm), Um(o) = PmU07
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is equivalent to
Orer(t) = —Apex(t) — ZAkj(t)cj(t), cx(0) = (vo, €k>L?9 , ke{0,...,m},
=0

with Ag;(t) = (£(t)er, ;)2 is alinear ODE-system in (co, . . ., ¢y, ). Since [Ag; ()] < CleHLé,
(@}

we have Ay; € L>(0,T'), hence Ay; € LY(0,T) and henceforth by the Carathéodory existence

theorem (see [Har82, Chapter II, Theorem 1.1]) there exists a solution to this system for every

m.

oo
2. Limiting process: First, since kz_:o\ (vo, ek>L?9 1> = |]v0||%?9 < 0o we obtain
o0 m
o0~ vn(O) 2. = llvo — Puvolle = |3 (w0.exdpz ek — D {vo,ead e
k=0 k=0
o0
m—0o0
< Z ’ <U076k>[% ‘2 —0.
k=m+1

The estimate in Lemma 4.11 holds for v, because || Py, |lop < 1. Hence {v,,} is bounded in
LAH? and {Awv,,} is bounded in L%L%. Since with the Sobolev embedding H' < L* in
d=1

2

2
12 < Callelz lomlny |

l€vmlZa 2 < ||ll e lomlccs| < CuT €)7o 12 lom 7o
also {&vy,} is bounded in L#L% and hence also {dv,,}. With an Aubin-Lions-Simon com-
pactness argument ([Sim87]) from HZ < H} < L%, {v,} bdd. in L2 H% and {0;v,,} bdd.
in L%L% we can conclude that {v,,} is precompact in L3Hg and hence there exists a sub-
sequence v, (we just keep writing v,,) with v, — © strongly in L%H(lg for some ©. For
¢ € L*(O) und ¢ € C(0,T) we have

T
| 0w =)0, 0)12, olt)

T
_ | [ o)~ 50,00, ¢/ (1)

< lom = 0llpz2.2 19122, H‘PIHBT — 0,

for m — oo and so we can put together

T T T T
/ (Oy0m + Evm, ®) 12 + / (Vom, VB 12 — / (045 + £5,B) o + / (V5,V®) 5 |
0 © 0 o 0 © 0 o

for m — oo for any ® € L3 Hp. Hence © is a weak solution to dyv = Av — v, v(0) = vg. The

regularity statement follows directly from Lemma 4.11. O
Lemma 4.13. The solution from Lemma 4.12 is P,-a.s. unique.

Proof. Assume there are two different solutions vy, vy and set w = vy — vy which then fulfills

dw = Aw — &w, dywlgo =0, w(0) = 0. The same calculation as in Lemma 4.11 leads to

lwo(®)3s < Cllw()]3, =0 Py-as. forallt € [0,7],
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hence v; = v9 P,-a.s. in L%OH(IQ O

Lemma 4.14. For fired n € N and v given by Lemma 4.12 and Lemma 4.13, the first

equation of (4.7) has a unique solution u,.

Proof. With £ and v fixed (the latter by Lemma 4.12, independently of w,,, since the second

equation of (4.7) does not involve uy,), the first equation of (4.7) reads
dun = (A +yD)un + F()) dt + up, dAW(E),  F(t) = =) () V2 (£) T3 () div(£(t) Vo(t)),

which is linear in w,: the drift operator A = A + ~I generates an analytic semigroup
(Lemma 2.19), the noise coefficient G(uy,)h := u,h is bounded and linear (as in Section 4.2.1),
and the forcing F' does not depend on u,. Moreover F' has locally integrable trajectories, in-
deed F € L*(0,T; L*(0)) Pp-a.s.: by the same estimate as for I5 in the proof of Lemma 4.17,
| F'(t)|| 12 is controlled using the cutoffs ¥}, U2 W3 which by construction keep ||| 11, |V 12

and / V|31 bounded by 2n (Lemma 4.9). Existence and uniqueness of a mild solution wu,,
0

therefore follow from Theorem 2.33, applied with Xy = ug, f = F and noise operator G(uy,),

exactly as for the linear system (4.24) of Section 4.2.4. O

Lemma 4.15. For any q € [0,2) the factor of the semigroup divergence smoothing between
L? and L? (Lemma 2.19(iv)) is an element of L9(0,T), i.e., for any o > 0

r(s) = (1 + s_%)e_as — /tr(t —s)¥ds = /tr(s)q ds < oo forallte[0,T].
0 0

Proof. For ¢ = 0 the statement is obvious. For ¢ € (0,2) we can calculate

t t Vit 9
/ r(s)?ds = / (1+ s 1/2)3e7995 45 = / (1+1/2)9e7 99" . 22dz
0 0 0

1 2 \/z 2
= / (14+1/2)%e7 9 2zdz + / (14+1/2)%e7 9 . 2zdz
0 1

1 00 92q+1 24
< 24t / 170dy + 2q/ 22791 4y = + —e 1%, ]
0 1 2—q qo

Self-mapping property

First we need a set which is mapped into itself by <, for each n € N. For this let us fix
n € N.

Definition 4.16. Since for fixed £ € M3 (0,T; L*(0O)) we obtained a unique solution pair
(un,v) we can define the operators T,, and R which operate on M%ln((), T; L*(0)) and map ¢

to u, and v respectively. For B = A 4 ~[ the variation of constant formula yields
¢

(Tné)(t) = un(t) = ePuy — / et=IBEL ()2 (5)W3 (5) div(E(s)Vu(s)) ds
0

t
+/ =By, (s) dW(s), (4.8)
0
and

(RE)(t) = v(t) = ePvg — /0 t el=)8¢(s)u(s) ds. (4.9)
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Lemma 4.17 (Self-mapping property of ¥,,). Let (ug,vo) fulfill Assumption 4.5. Then there
exists R = R(n,ug) > 0 with T,,: Cr — Cr where

Cr:={¢€ M%H(O,T; L) | Hé”g\/@ln(o,T;Lé) < R}. (4.10)

Proof. Let us fix £ € Cp C M3 (0,T; L) and let (un,v) = (Tn(£),R(£)). Now let £ € Cr C
M%[n(O,T; L%). For

Li(s) == [le*Puoll 320
2
IQ(S) =

/ ’ =BG ()02 (0) U3 (o) div(E(0) V(o)) do
0 L2(0)
2

Ig(S) =

/s =By, (o) AW (o)
0

L*(0)

it follows with the Minkowski inequality (Theorem 2.7) and (a+b+¢)? < 3(a®+b* +¢?) that

+E| sup Ir(s)| +E

s€0,t]

sup I(s)
s€0,t]

sup 13(3)1 .

s€[0,t]

1
SE[ sup !un(S)H%%O)} <E
56[071:]

For I;: With Lemma 2.19(i) for p = 2 we have

L(s) = e ug |72 = €°[|e"uol|Z> < €27 |lugZ.

For Iy: By Lemma 2.8, Lemma 2.19(vi) and the product estimate of Lemma 2.16 together

with the interpolation inequalities of Lemmas 2.15 and 2.14, embedding L' — H~¢ for

e€(3,1), 6€(0,1) (Lemma 2.13(vi), valid here since d = 1 so ¢ > 3 = 4), we have

(L@)* < [ 128 () ¥2(0) W (0) divlg(0) To(0)) 12(0) do
= /0 UL (0) W2 (0) W3 (0) e div(€(0) Vo)l 2 o) do
< /0 U, (0) W3 (0) W (0)r(s — 0)[[€(0) V(o) 2 (0) do
1-2 15

< /0 Uy, (0) W7 (0) U (o) (s — U)Hﬁ(a)llg-sllﬁ(c’)llp “Vo(o)l IIW(U)H%% do

s 1 5
< sup (VL(0)[€@)]15--) - sup (V2(@)[Vo(@)]Z") - sup
o€l0,s] c€l0,s] o€l0,s

></ r(s — o) (0)||Vo(0) |52 do
0

]||s<a>|2;e

< @0 sup €@)I° [ (s - )T IVe(@) 3 dor

o€[0,s]
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Where with Hoélder (p = ﬁ and ¢ = 525)

S

| rs =B @IVu@ 5 do = [ r(s = )(WE0) (W) V(o) [ do

< ([[ot-amwiiorac)" ([ Waionviear)

<C-(2n) 3

where the last inequality is Lemma 4.15 (¢ < 2) and Lemma 4.9.
For I3 we can use Theorem 2.35 for the case p = 2, p = 0 and obtain
<2 |un (9))2,

t
B[ sup, 150)] < CE[ [/ 1N )] o
s€0,t] 0

< CE [ s as] <€) ['2] sup fonlo)l3] 0

c€(0,s]

Hence in total we have

2-22
Ef s%pﬂuun@)n%a@} < 3E|l[uollf 20| + C1(T,m) E| sup [6(6)]1» d
se€|0, s€|0,

+C2(T)E [ sup Hun(U)H%z] ds
c€(0,s]

and for y(t) = E[ sup ||un(s)|]%2} Gronwall’s inequality (Theorem 2.17, applied pointwise in
s€[0,t]
w) yields with § = §

1
E sup ||un(s 2 SeC(T)t <3E u 2 + O E sup §s 4-9 2)
[ sup lun ()] [olisio)] + €2 sup le)IE3

< Cu(T,n) (E[lluoll20)] + VR) - (4.11)

If the right side here would be smaller than R, then Hun||i/lg 0112 < R and hence T,,§ =
[n ] )

un, € Cr. Since for every n € N we can find such an R = R(n,ug) > 0 fulfilling (4.11)< R

the proof of Lemma 4.17 is complete. O

Tightness

For the authors of [HMT22a] as well as us it was not possible to directly show compactness
of the operator %,,. This and the fact, that the probability spaces we work on might change
leads us to the following steps, which are quite close to a compactness proof.

The next property we need is tightness of the family of laws of T,,£ for £ € Cg for each
n € N. For that we first collect a number of auxiliary inequalities, which will then lead us to
the tightness statement of Lemma 4.26. So let us fix n € N.

Definition 4.18. Let A be an operator generating a semigroup (in our case either A or
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B =A+~I). For n € LU0,T; L*(0)) and ¢ € M3 (0,T;L*(O)) we define

(San)(t) := /Ote(ts)An(s) ds, and (4.12)
(SA40)(t) == /0 t =94 (s)dW(s),  fort €0, T]. (4.13)

Lemma 4.19. For n € L9(0,T;L*(0)), ¢ € M3 (0,T;L*(O)) and T, Sp from Defini-
tion 4.18, the following statement holds.

For p,a € R, B >0, q>1 chosen such that + 5 +p <1 — % andn € L1(0,T; H *(0)),
there exists C = C(T, «a, 8, p,q,O) > 0 such that

HSBUHC/*([O,T];HQ) < CH77||L‘1(07T;H—2P)- (4.14)
Proof. First notice that
t
T @Eam)(t) < [ eIn()ds = Gan)o).

Looking at the difference (WLOG s < t)

t S
San(t) —Fan(s) = / e(t_U)An(a) do + (e(t_s)A + I) / €(S_U)A77(0'> do,

0

we see for the first term that I; with semigroup inequalities

+2p
1l < [ 12 do < € [ (6= o) 5 (o)l o
S
1
at2p s q’ at2p
e / (t =) F 40 ) " Il o gy < Colt =75 il g2
S
< Colt — 51l g 20
since § +p < 1— % = %. For the second term we can see that again with semigroup

inequalities
S
H(e<t—s>A +1) IQHH(% < Caft = 8P| o 20 < Calt - s|5/0 et~ (0|20 do
S [e]
< Galt—off [ (s =) HED (o) 20 do

1
< Oyt — S|ﬁ </ (s — U)—(B+%+p)q' da) a ||77||Lq(0 s HZ2P)
0 i o

i _ a
< Cylt — S”Bsq’ (ﬁ+2+p)H77HLg,H52”7

where the term with s is bounded since the exponent is positive by assumption. This com-

pletes the proof of the statement. O

Lemma 4.20. For n = Ul U2W3 div(£Vv), there exists a constant C' = C(T,n) such that

n-—mn-n

HWHL‘I(O,T;H*QP) < C sup [[€(t)]] 2
te[0,T
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Proof. By the Sobolev embedding (Lemma 2.13(vi)) (for d = 1) LY(0) — H~?*=D(©) for

p > % we obtain

[div(§(s)Vo(s))ll g2 < [[€(s) V()| 2041 < (IE(5)Vu(s)][ L2 < IE(s) [l L2 I VU (8)]| 2

(The first inequality holds since div: H*(0)¢ — H*"1(0) is bounded with norm 1 for every
s € R: differentiation lowers the order of a Sobolev space by exactly one, directly from the
definition of the H®-norm via the spectral/Fourier characterization applied componentwise.)
Let us put 1(s) = UL (s)W2(s)V3 (s5) div(£(s)Vu(s)), s € [0,T). For ¢ > 2 we can see that

T T
a0z = [, 0Nz ds = [ (B V2L div(E(s) Vo)) lr-20)" ds

q T
<( s V()¥n(e)- sup Wn(@) Vol sup [1(5)]z2) | 1as
s€[0,T] s€[0,T s€[0,T 0

q
<7(1-2n- sup |&(s)] 1) - O
s€[0,T]

Lemma 4.21. There exists C = C(T) > 0 such that for all w € L*(O) and s,t € [0,T),
[+ 0w — AT | o < CJt = 5] - ]| 2,

A+~T)

i.e. the mapping t — el w is Lipschitz (in particular Holder-continuous with exponent

1) int.
Proof. By Lemma 2.19, the mean value theorem and 1 — e™¥ < x, we obtain

87D — eSOt D0 < et — B + |7 — € e Bu o
< |2 = Dwllgz + 1 e
< T (1= M) ol 2+ T — 5] - ol 2

< w2 (Mt — s| + [t — s]) < C(T)|t — s|. 0

Lemma 4.22. For p € [1,2], there exists a C > 0 such that

E,| sup [[Fsn)(t) — @pn)(s)ll72| < COPIENn 2 (0T12)"

|t—s|<8
Proof. Combining H® < L?, Lemma 4.19 and Lemma 4.20 we obtain

1EBn)(t) = Fan)($)I172 < |t = sIPIF Bl o r10trey < CLlt = Slﬁptsup]!\ﬁ(t)ll’iz,

)

which leads to

E,| sup [[(Fen)(t) — @Fpm)(s)l}z| < C16™E, < G287 I€ )2 =

|t—s|<d

sup Hf( s)II72

s€[0,T

2, (0.T5L%)

Lemma 4.23. For eachn € N and every p € [1,2+¢,], there exists C = C(R,n,p,ey,T) > 0
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such that

sup Enl sup ||(5n§)(t)|]1£2] < C < 0. (4.15)
¢eCr  |te[0,1]

Proof. Let first p =2+ ¢y, £ € Cr and u,, = T,£. Since u, can be taken apart into three

addends we can treat them separately. Firstly we have

E,| sup [lePugl?, | < epVTIEn[HuoHiQ} <cn.
t€[0,T o o

As in the proof of Lemma 4.17 we can see that with Jensen

5 P
En| sup / =BG (0) V2 (o) V3 (o) div(E(o) V(o)) do 1
tefo,7] 110 12(0)
<E,| sup [l€]73] < Collely; < R}
= ey | T T IME 0msng) = TR

The third term will be handled via the Burkholder-Davis-Gundy inequality (Theorem 2.35)

T 5
( / ||e<T—S>Aun<s>||%z> }

T
<c [ B, [sup uun<s>||§2] at,

s€[0,t]

p

/Ot e =By, (s) dW(s)

E, l sup ,
L

< CSEn
te[0,T

and hence in total

En [ sup [|un (t)|[7
t€[0,T]

T
< c4+/ E, [Sup ||un(5)|]1221 dt,
0 s€[0,t]

which by Gronwall yields the statement. For p < 2 + ¢, one simply uses Hoélder on the
probability space. O

One might now expect us to prove that T, is compact, but we will not achieve that result.
Instead we can show tightness of a family of laws which we will use later in our Schauder—

Tychonoff fixed point theorem.

To prove this tightness we take the supremum sup over the three addends. For the
[t—s|<d
stochastic integral, for which this is not straightforward, we make use of the Kolmogorov

theorem:

Lemma 4.24. Forp € [1,2 + &,], there exists a C = C(T,p,7v,n, R,&,) > 0 such that
En |G pun(t) — Gpun(s)|f.]| < Clt - 5%,

Proof. We first observe the identity for s <t

S pun(t) ~ Spun(s) = [ e Pun(o) AW (o) + (£ ~ 1) S pun(s)
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For the first term we see with Lemma 4.23

<7 flun (012,

t p ¢ P
E, | sup / =By, (o) dW(0) SCIEH[(/ He(t_g)Bun(J)\%zda>1
t'€[s,t] 1,2 s
t
< Cylt — 8|5 [/ ltn ()12 da} gcgyt—sy%ﬂ/ En[ sup ]un(a')@z] do
s o’€l0,0]
< 03|t — S|§.

The second term can be handled by Minkowski, semigroup estimates, 1 —e™* <z, e* — 1 =
e“(1—e®)

H (e(t—s)B _ I) GB“n(S)HLz <| (e(tfs)A _ I) & pun(s)| 12 + |9 (e(tfs)'v _ 1) S puun(s)||
< 11 = e MN)S pun(s)| 12 + (77 = 1) 1S pun(s) 12 < Colt = /|G pun(s)l 2,

and with the Burkholder-Davis—Gundy inequality (Theorem 2.35) and Lemma 4.23

¢ 5
B sup 9] < O | ([t )
s€[0,1] 0

Hence in total we get

< CgT]Enl sup ]un(s)\’zz] < Cy.

s€[0,T7]

En |G pun(t) — Spun(s)|[fa] < Cslt — s[5 + Colt — 5P < Crft — 55 0

Corollary 4.25. There exists a C = C(T,v,n, R,e,) > 0 such that

Enl sup |G pun(t) — Spun(s)||25| < C6F,
|t—s| <8

Proof. Since €, > 0, the Kolmogorov Theorem (Theorem 2.34) applied to Lemma 4.24 (with
p =2+ ¢g,) yields the claim. 0

Lemma 4.26 (Tightness of ¥,). The family of laws {Law(%,§) | & € Cgr} is tight in
M(C([0,T}; L*(0))).

Proof. Let Cr C M%ln((), T; L*(0)) be defined as in (4.10). Let € > 0 and choose

2
M, :=1+ gEn [luol|%a] < o

(Even though wuy is itself a random variable, M is a well-defined deterministic constant, since
the randomness is integrated out by E,; this is finite by Assumption 4.5(c).) and define the

compact set

L*(0)

Le:={u e L*(O): ||u||g= < M.} c L*(0),

which is compact in L*(©) since H* <% L?*(O) compactly for o > 0 by the Rellich—
Kondrachov theorem (see e.g. [AF03, Theorem 6.3]). Let w(d,e) be determined below. By
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the Markov inequality (Lemma 2.9),
Law(T,8) ({x € C°((0,T]; L?): x(0) ¢ Le}) = Pu(Tué(0) ¢ L)
>~ Pn(HSng(O)”HO‘ > ME)

1T O]

IN

. 12En[||uoui,a] < g
€

Recall that for n = U, U2 W3 div(¢Vo)

n-—n-n

TE(t) = e BT ug — Fpn(t) + Spua(t) vt e [0, 7.

Defining w(d, €) by

6CiEnluollz2] 5, S Nelag 0z 5 (6C3>

9 9

w(d,¢e) := B o=

e

Jensen’s inequality, Markov’s inequality and Lemmas 4.21, 4.22 and Corollary 4.25 yield

\t s|<d

Law(Tn€) ({2 : wa(0) > w(d,2)}) = Pn( sup [[(Tn&)(t) — (Tnd)(s)llL2 > w(&é‘))

w(d, e
SIP’n< sup HetBuo—eSBuoHLz > ) ( sup [|Fen(t) —Fen(s)| 2 > (3 )>
|t—s|<é |t—s|<é
,5
+Pn< sup [|Gpun(t) — Gpun(s)| 2 > )
s} <

<2 B,| sup [lePug — e Pugllps | + — 2B, | sup [Fan(t) - Fan(s)le

w(d,e) | j—s|<s w(d,e) | |t—s|<s

3 24eq 9
+ < > E,| sup ||Gpun(t) — Spuy Teu
o(0.9) |t_s‘§6H (t) ()72
1 (s Cs ew E € € E
< OE e —) —+ -+ ==
) [[[uoll 2] + (9, 2) ||§HM (0,T;L%) + w(6, )2 +eu ° < 6 + 6 - 6 2
for all § > 0, uniformly in £ € Cg. O
Continuity

Next we will show the continuity of T,,: Cg — Mg (0,T;L*(O)). Again fix n € N and
consider &', &% € Cg, ie., & € MZ (0,T;L*(0)) with ngH?\/t%n(O,T;Lé) < Rforje{1,2}. In
order to prove the continuity of ¥,,, we will show that there exists a constant C' = C(n) > 0
such that

1
1 1 2|12
Ia€) = TalEllag 002 < ClIE = Elkes (012 (4.16)

Definition 4.27. For j € {1,2} let (u},v?) = (T, (€7),R(€7)) be the solution to the sys-
tem (4.7) where ¢ shall be replaced by &/. We also define ¥}, s i’j and \Pi,j analogous to
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Definition 4.8 by

. . 1 .
W 5(5) = in(B1 (€], 5)) = o ( sup lfj(O’)HLl(@) — 0 (1 =0 z1c0n )

o€[0,s]

o€[0,s]

) s . 1 .
W50 = 0ulh (07 5)) = v [ IV @)l 0)d0) =6 (190 o ) -

. . 1 .
‘I’Z,j(s) = (R*(v7,5)) = ¥y < sup HVUJ(U)HL2(O)> =1 (nHVvJHLoo(o,s;m(O))) ;

Remark 4.28. For these three functions, a > b > 0 and « € (0, 1], ¢ € (0, %) the following

are true.

(i) W, ;1) il[t)p]Hij( )z < @), (i) ;0 Sl[lpt]HW(S)HliQ < (2n)",

(#i1) / T3 (5)|| VeI (s)]|3: ds < 2n, (iv) / T3 ()| Vel (s)] #hds < max(1,7)(2n)% .

Proof. Lemma 4.9. O

Lemma 4.29. There exists a constant C > 0, independent of n, such that

1
|951(8) = Toa(s)] < ~ 110216 = € 0,501 (0

1

|92.1(5) = ¥25()| < 1/l V0! = Vol 0,520,
C

|921(5) = W3 o(8)| < 2Nl V0! = Vo2l 20,001 0))-

Proof. Since v, is continuous and differentiable on R, the mean value theorem implies that

for n1,m2 € R with 1y < 19 there exists a ¢ € (11,72) such that

Pnlm) = ¥nli) _ 1 ¢y = L) < Ljj o
m —1n2 n n

With the fact that ||-|| (05,11 (0)) 15 @ norm, together with the Minkowski inequality, we get

1

[n(h' (€', 9) = wn(hM(E%, )| < [/ l|zw [ (", 5) = h'(E2, 9)
1
= Wl JllE 1,1 0)) = 1€l 0512200
1

1 2
< E’WHLWHﬁ — & Loo(0,5:11 (0))-
The same calculation leads to the second inequality. For the third we can see that

[Un (B30, 5)) = Yn (0%, 8))| < = [ e [0 5) — B30, )

1
= 5|W||L°° ’HVUIH%Q(O,S;Hl(O)) - ||VU2||%2(0,3;H1(O))’
1
= Wl (IV0 a2 + 1V sz ) (190 iz = 190 2

1
< — [z V0" = Vol gz
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where C' = ||Vvl||L§H1 + ||VU2||L§H1 is finite and independent of n because by the maximal
regularity estimate of Lemma 2.30, v',v? € L?(0, s; H'(O)) with bounds only depending on

£ and not on n. O

We now want to estimate the terms ||Vo! — VUQHLSOL% and ||Vo! — VUQHLgH}D- For that

we first need to control ||v! — v?|| ;2 via Gronwall’s inequality.

Lemma 4.30. For d € {1,2,3,4} there exists a constant C = C(T,d,ug) > 0 such that for
w = v' —v* we have Pp-a.s. for allt € [0,T]

4

o < 0 ([ (1) - € )lae + 1) F) as) ™

Proof. Let w = v' — v?. Since v/ € L¥HL N L%HZ, we can find a C; > 0 such that

lw(®)|| g2 < |0 @) | g + |02 @) || g2 < Ch for ae. t € [0,T). Using dyw = Aw — (v — £20?),

we can calculate with p = 3 — % and ||w||i2 < 012’)||w\|2p that P,-a.s.

solwlt = [ wiw— [ w(etot - ) =~ Vulf: - [ w((e -l + 0t - ?)

< [ otu(e =€) = [ el < ol uslwllzal! - e + 1€ zelwl
21Tl 15 (1A T ol =3l _ g2 21 ¢2 S w252

< IV ot 9wl = €11 + GBIl Tl ol
1

< 50T a) (16! = @2 + Vol ) ol %,

which then with w(0) = 0 and the nonlinear Gronwall inequality (Lemma 2.18(ii), with
B1 =0, yo =0 and p < 1) yields for C4(T,d) = C5(T, d)(% + %)

8

2 e 2 g i
w3 < (Caa) [ (I€6) - )iz +[TulF) ds) T Bras
Taking the square root shows the claim. (P,-a.s. arises from estimating ||£(s)]|z2.) O

Corollary 4.31. Ford € {1,2,3,4} there exists a constant C = C(T,d) > 0 such that Py-a.s.
for allt € ]0,T]

¢

lo'(t) = @) 7= < © / (I6(s) = ()57 + Ve (s) — Ve(s) 37 d.
Proof. Because 4 5 > 1ford e {1,2,3,4}, the function z |x|4+d is convex. Hence applying
two different Jensen inequalities (Corollary 2.4 and Lemma 2.1) to the result of Lemma 4.30

proves the claim. O

Lemma 4.32. For any measurable non-negative function y, we obtain the following identity

/t—s*%/y dads—Z/ t—s%
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Proof. Fubini (0 < o < s <t) shows that

/t—s*%/y dads—// t—s)” 2y dads—//(y(t—s)*%y(a)dsdo
//t US 2dsy )da—2/(t—a)%()d O

Lemma 4.33. For a non-negative deterministic function f € Ll(O,T) and a progressively
T

measurable, real- (or Banach-space-)valued process X with / E[|X (0)*] do < oo (so that
0

Tonelli’s theorem applies below) we get

E[sup /Sf(s—a)|X )|? do

s€[0,t] VO

o€(0,s]

_/Otf(t—s)E[sup \X(U)P] ds.

Proof. Straight forward computation shows

E[sup/fs—aﬂX( ) do
se€|0,t

<Elsup /Sf(s—a) sup |X(7“)|2do*]

SE[O,t] 0 T‘E[0,0’}

—E[sup /Sf(a) sup | X(r)]*do

SIEVOtf(U) sup |X<r>|2da]

s€[0,t] rel0,s—o] rel0,t—o]
t
=E [/ ft—o) sup |X(r)|2da] :/ ft—o)E [ sup X(r)\ﬂ do. O
re[o,a} 0 re0,0]

Lemma 4.34. For d =1, there exists C = C(T') > 0 such that

E, [ sup V0! (5) ~ Vo2(s)|[32 | < ClIE" ~ € llaag 022, (4.17)

s€[0,¢]

Proof. The identity from (4.9) applied to v’ gives us

v (t) = Py — /t =98¢ ($)07(s) ds.
0

Hence we can write the difference in the following way
¢
o) =020 == [ IR ((Es) - )0 (5) + () (01 (5) — 03(5)) ) ds
0

Using the semigroup inequality in Lemma 2.19(iii), e ™! < 1 < Tz (t— s)*%, the Minkowski

and the Holder inequality, we can calculate

V0! (t) — Vo2 ()2 < / t Hw“—sm(@%s) — ()0 (s) + EX(5) (v (5) — v3(s)))
< c/ (14— 9)3) | (€ Jol () + €(3) (v (5) = v*(5))
< o(T) /0 (t=5)72||(€'(s) = €()v" () + E(5) (v (5) = *()) |,
< o(T) /0 (= ) (IE(9) — €620 (5) 1= + IRz llo! (5) — v2(5) 1) ds

ds

L2

ds
L2

ds
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In d = 1 we have the embedding H' < L* and hence we can find a constant C' > 0 such that
we can bound |[v'(s)||z~ from above by C. [|£%(s)||.2 is bounded P,-a.s. for all s € [0,T] as
well. Using

/t(t—s)éds:/tséd.s:2\/i§2ﬁ,
0 0
the Holder inequality yields
t 1 2 t 1 1 2
( JREDRORSOI= ds) _ ( | =7 =97 e (s) = €25) e ds)
< [t=9has- [ (=97 H'(s) — €s) 2 ds
<2VT sp €'(6) = €0l [ (=) s

s€[0,t

< AT sup ||£ (s) = E(s)|I7-
s€[0,t]

For the second term we obtain again with H' < L* (for d = 1), Corollary 4.31 and

Lemma 4.32 that for w = v! — v?

( /0 (¢ 5w - ds)Q <2VT /O () w5 ds
<V [t o) H )| 2 ds 4 2T [ (6= ) 49 ds
< 0T /t<t—s>%||Vw<s>|\i2ds+01< 1) [ [le't0) - @I do s
L ouT /t—s %/||vw 174 do ds
<o) [ [(t= 9 H IV, + (- Vel 5] ds
+ =916 6) - €6 as

Where the last addend can be bounded from above via the Holder inequality (Theorem 2.6)
and the fact that ||¢!(s) — £2(s)]|| 2 is bounded P,-a.s. for every s € [0, T]

(f[u=nte0-eeiar) < [e=gar [1e6) - Lol o

16 _o [1
<T.Ca 2/ 1€1(s) — €2(s)[[32 ds < Co sup [|€X(s) — E2(s)][3.
0 s€[0,T]
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This all together leads to

E, [ sup ||Vw(5)||%2]
s€[0,t]

< CyE, Li?&?ﬂ (( [ 6= e) - €0l da)2 ([ Hu@) = da)z)]

< 041@”[ sup [l€1(s) — €2(s) |2

s€[0,T7]

+ CBEn[ sup [[€'(s) — fZ(S)HLQ]

s€[0,T]

+06En[sup [ (=0 b Ivu@B: + s - ) v ;57) da]

s€0,t]

< Cullet - 52”/\42 (OT3L2) +Cs¢' - fHMQ (0.T3L2)

2d
t ) t L itd
—1—06/ (t— s)?Enl sup HV’ZU(O')H%2‘| d8+/ (t—s)2 (Enl sup HVw(U)H%z}) ds,
0 0

o€l0,s] o€l0,s]

where all constants depend on 7. Since 2 = d < 1for d < 3, Gronwall’s inequality (Lemma 2.18)
shows that

B | sup V0] < Cr(1€! - €1 o + 1€ - Clag, o)
x@fg(t_s)iéds (1_2d> /t(t_s)ée (1- 42%1)] (s—o)~ 2dUd
0

< Cs(T,d)||¢" - 52\’M§[n(o,T;L§9)- O

Lemma/Corollary 4.35. For d = 1, there exists a constant C = C(T) > 0 such that

<Cllet - fQHMgln(o,T;L%)-

E[ sup 01 (s) — v2(s) 2

s€[0,¢]

Proof. Using the semigroup contraction (Lemma 2.19(i)) we obtain for w = v* — v? that

s 2
w3 = | [ €4 (€010} (0) — 0 )i2(0)) do

0 L?
< [ 01! (0) - E0)?0)||, do

0
< [ €0) - €@)ote) + €@ 0He) - o), do
<2 [1€(0) = @)1 @)~ + €)' (0) = 03(0) [ do
< () sup [€1(0) ~ @)z + Ca [ (o) 3 do

c€[0,s] 0

< CUT) swp [1€1(0) = (O)Es + Cs sup Vw()Es +C [ o)l do

o€l0,s] o€l0,s
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With Lemma 4.34 and Lemma 4.33 we can see that

t
< OUDYE ~ Elagg oz + O

0

E[ up ||w<a>||%2] as,

En[sup Jw(s)|72 [0,5]
og|0,s

s€[0,t]

which then with the Gronwall inequality (Lemma 2.18) leads directly to the claim. O

Lemma 4.36. For d =1, there exists C = C(T') > 0 such that

t
B, | [[1V0}(s) = Vo)l ds| < ClIE" = €lag 002,

Proof. Because of the maximal regularity (Lemma 2.30) we can estimate

t
LIV ds <l < Culle™s! - €022

<o [6') ~ € ds + Cs [[11(5) ()l s
< oy(T) Ssé%%]us (5) - €)= + Cy /0 a3 ds +Cs [ [Fuls)]s ds
< C5(1) s (I6'65) =€) + e + I Vwlo)l2).

Applying Lemma 4.34 and Lemma 4.35 we obtain the claim. O

Corollary 4.37. For d =1 and every q > 1, there exists a constant C = C(T,n,q,O), such
that for all t € [0,T]

3 1
i i 1_ (22
B[00~ W] < Ol - €13 oz
Proof. Obviously |\Ifill(t) - \I/:ZQ(t)| € [0, 1] and hence

Eu |01 (6) — W, (0)]%] < B [, 4 (1) — W o (027] < B[4 (1) — Wi, (0)?].

This can then be further estimated in the following way

Eﬂ _’\D’}L,l(t) _\II’}L72(t)|2_ SClIE ‘51 _g ||LOOL1} <Cl||£ —f ||M2 (OTL )

En[|92,1(6) = W50 P] < OB[IIV (0! )2 13 ]| < CHIE" — €l 022

En "I’%l(t) - \112,2(t)|2_ < C3Ep _HV(’Ul - ”2)”%%1{(19] < Cillet - fQHMgn(o,T;L?D):
where we used Lemmas 4.29, 4.34 and 4.36. O

We now want to investigate the difference ¢(t) := T,&H(t) — Tn&2(t) = ul(t) — u2(t) for
€', €% € Cp. Using (4.8) we can observe that

o(t) = I1(t) + LIx(t) + I5(1), (4.18)
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for
B0 = = [ W60, () div[(€0), - €0, 9] (9) s,
L) = — / Wy ()e )8 div [€2(W2 03, Vol — 02,08 ,00%) | (5) ds,
Ly(t) = /0 =B () AW (s).

For the term I; we will make use of certain stopping times.
Lemma 4.38. For I; there exists a constant C = C(T,n,p,q,,9) > 0 such that

21—
< (16 - €l ez + 1€~ 1% e )

En [Sup ()17
s€[0,t]

for allt € [0,T] for some § € (0,3) and € € (3,2). (No further relation between & and € is
needed: since § < 5 < € automatically, the hypothesis § < € of Lemma 2.15, used below, is
already satisfied.)

Proof. Using Minkowski’s inequality for integrals, the semigroup divergence smoothing, L?

product bound (Lemma 2.16) with 6 € (0,3) and p = § + & € (3, 1), we obtain

I0($) 2 < [ 02405 (0) [P div](€1 0y, = 201) 90! (@), ao
< [ @ @) s = o) [0, - 9L Ve @], a0
e sup (€M1 = 600) (@) s | 75 = )81 ()01 (@) 190! (@)l ae do
o€l0,s

U=

<@ sup (10, = VL)@l ([ =) do)’

c€l0,s]

([ (#0021 1ve @)’ da>é

for some ¢ € (2, %) (hence ¢' < 2 and the integral over r is finite). The last integral can be

bounded via Lemma 2.14 and the cutoffs in the following way

/os (02,193 1)V (@) ) do

< sup B2,V @ [ 0240V @) do
o€l0,s]
< (2n)90=P) . T(2n) % .

Regarding the term with the supremum we introduce the following stopping times.
For 0 < s < 7 = min(inf{a > 0: [|E8 (o)1 > n},inf{o > 0: ||€%(0)|| 1 > n},T), we
have ||/ (0)|| ;2 < n for all o € [0, 5] and hence \Ilvllvj(s) =1 for j € {1,2}. It Lemma 2.15 and
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Minkowski show that
1€4(0) — €2(0) |5 < IIEX(0) — (o) [1€4(0) — E2(0) 52" < @n)E[1E () — EX(o)||La "

For 75 := max((inf{a >0: |€4(a) |1 > 2n} AT), (inf{o > 0: ||E%(0)|| 1 > 2n} /\T)) and
1 < 5 < 73, we have WLOG ||€1(0)|| 1 < 2n for all o € [0, s] and hence
(€M1 — € 05) (@) g5 < 1€ (Yn1 — Un2) ()5 + [1¥7,2(€" — €7)(0) ]| s

< 11§ @5 16" (@2 1 ()1 = ) (@) + 10,5(8" = ) (@Il (6" = €))7

< @)1l 1 (hy — Who) (@) + (I @)l + 1(Th28) @)l1: ) €~ (@)1
< @ e @)52" T sup l€r) — E0)Ea + 2+ 20)} (€~ €)(0)a"

rel0,0]

For s > m we have \I/%L,j(s) =0 for j € {1,2}. Finally we get

Ey,

sup HII(S)H%Z} < R, [Sup 161 (s) — £2(5) |2

s€[0,t] s€[0,t

+ CE, [ sup [|€X(s) — s%s)HiSS)]

s€[0,t]

3 1-2
) + C3 <Enlsup 1€ (s) —52(8)!\%2D
s€[0,t]

%)
< 01 (1"~ g oy + 18"~ €1 forus )

<c, (m [sup €1(s) — €2(s)]1%

s€[0,t]

where Cs, C'3,Cy depend on T, n, p,q,€,0. O

Lemma 4.39. For Iy there ezists a constant C = C(T,n,p) > 0 such that

E, [ sup | B(s) |2 | < Clie

52”?\42 (OT'LQ)’
s€[0,t] Ant" 7O

for all t €10, 7).

Proof. Using

I£a(s) 22 < [ \Ifk,2<a> [P aiv[e (@) 03 Vo' = 7,00 ,902)] (o), do
< [“r(s o) Hk? (2,03, 90! — 02,03 ,90%)|(0)]| , do
0
1
< (/ r(s — o) do) (/ Wl o(0) [[[2(92, 98 vt - 02,08, 9] (o) df’>q’
0

with ¢ = % with p =6 + % € (%, 1) for some § € (0, %) Hence ¢’ < 2, which again implies
1

that the integral over r is finite and for some ¢ € (%, ) we can use the product estimate of



4.2. Proof of the Main Theorem 57

Lemma 2.16 to obtain

|—=

(/ ‘I’ (‘1’2 i,Nvl—\Pi,z\Pi,ngQ)}(a)\

(/ w20} (1@ @)

q dO‘) q
L2

02 03 Vol = 02 0,V (o)

[N

2
? da)
Hr
5
Since g <1, \If71172||£2]|21 can be bounded by 2n and ||¢2||,2 is P,-a.s. bounded by R. Using
arbicy — agbaca = bici(ar — az) + azcr(by — ba) + azba(c1 — c2)

we can see that by using |\I/f”\ < 1 (for notation simplicity we omit (o))

S
/ w2, w8 vt — w2, w8 a7
0 I b b b

s 2 2 2
<1 [ (190! = o) + (B 0V0 o020 = 2o} (B2 V0 o3 = W1

(4.19)

The first addend in (4.19) can be estimated using ||-||gr < C2H'”1L§p|"H?p < Ol s
Minkowski, Bounds for v',v? € L¥H}, N L%H% (Lemma 4.11) in the following way (the

exponent 2p will arise later in this proof)
2 ® 12 22 12 2 2
(L1906 =@l do)” < (2 [I90 =)@V 6! -0 )(a)HHldo)

2p
< <C2 sup [[V(v! —0?)( HL2 /IIV (v' = 0?)(0) 7 dU)
o€l0,s]
< 2ol cl- 2,,/ IV (0! — v2)(0)2 do.

Regarding the second addend in (4.19) we obtain

s 2
| (w9t w2, - \Ifi,2|><a>)" do

2
<Gy sup [03,(0) — 2,0 [ 040} 90 (o) do

o€l0,s]

< CsT#(2n)e sup U2, (0) — U2 ,(0)]7
o€(0,s]

For the third addend in (4.19) with C4 from Lemma 4.11 we obtain

s 2 2 9 2
| (2090 s 2 = W3 a1} ()" o < €T sup [¥7,1(0) = ¥35(0)17
oc|0,s
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And hence in total using Jensen

)2 < CsE, [ sup (/ H by 2 w3 1Vv - \IJ?%QIIlf’LQVUQ} (0)

s€[0,t]

(Enl sup [|72(s)]|2

s€[0,t]

2 2p

i da) ]

Hpe

< GiE, [sup ([ 196! = D))l dor + 192, (5) - wi,2<s>|4+|\Ifi,1<s>—wi,2<s>|4)]
s€[0,t]

< C7-3l|¢t - ¢ a2 (0,752):

where we used the trivial embedding H?(Q) < L*(0) (immediate for p > 0, since H?(O) C
H°(0) = L*(0)) together with the bounds established above. O

Lemma 4.40. For I3 there exists a constant C = C(T) > 0 such that

En, [SUP Hs()l 72
s€[0,t]

<c = [sup o >||i?9] ds,

o€|0,s

for all t €10, 7).

Proof. Using
=P o(0) 112, < €47 %(0) 12 < €7*[16(0)| 12,5

we can see that with the Burkholder-Davis—Gundy inequality (Theorem 2.35)

2

En [ sup HI?,(S)H%%)] = En[ e(S_U)B(ﬁ(U) dW(U)

s€[0,t]

t
< CiE, | [P o(s)|3 ds|

o

t t
< CE, | [ots)y 0| < €2 [ B, Lg[lor;]uwuig?] ds. =
Lemma 4.41 (Continuity of ¥,,). Let (ug, vo) fulfill Assumption 4.5. Then for any R > 0, the
mapping Tn: Cr — My (0,T; L*(0)) with Cr from (4.10) s Hélder continuous with exponent
i. (R enters, throughout the proof below, only implicitly: the restriction &', € Cr bounds
Hfj\|M§ln(07T;L%) < V'R, which is used in the constants of Lemmas 4.38 and 4.39 feeding into
1, I below.

Proof. Since ¢ = I1 + I> + I3 we can see that

En [Sup lo()1172,
s€[0,t]

<32E lsup I17:( )Ili?ﬁ]

s€[0,t]

1 t
<l - €3y oirny + C [ B [ sup ||¢<a>|ig9] ds,

o€[0,s]

and hence with Gronwall (¢(0) = ug — up = 0)

1
”Tnfl n52HMQ 0TL2) E, l sup ”Tnfl(t) - Tnfg(t)”%% < C3|’§1_§2H/2\A§H(O,T;L%)' O

te[0,T
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Existence of a fixed point

Since we do not know if ¥, is compact on some space and hence can not use Schauder’s fixed

point theorem, we will have to create our own Schauder—Tychonoff type fixed point theorem.

Lemma 4.42 (Step (a): Tightness of the Picard iteration). For each n € N, define the
recurrence sequence {(uff),v(k))}keNO in M3 (0,T; L*(0)) x M3 _(0,T; H'(0)) by

ul® =0, (u® ™)) = (T, (D), RuED)), E>1. (4.20)

Then the family {Law(u®, v®)) : k € N} is tight in M(C°([0,T]; L2(0))xC°([0, T); HY(O))).

Proof. Since tightness of a product family follows from tightness of each marginal, we treat
the two components separately.

Tightness of {ul®}: By Lemma 4.17 and induction, u{”) = 0 € Cg and u(F) = T, (u(F~V) €
Cr for all k > 1. Hence every law Law(u®) belongs to the family {Law(,€) | € € Cr},
which is tight in M(C°([0,T]; L*(O))) by Lemma 4.26.

Tightness of {v™®}: By formula (4.9),

vB(E) = eBog — Fan™)(@), 1M (s) = ulf T (s)oP(s).

The initial value satisfies v¥)(0) = vy € H'(O) Py-a.s., so {Law(v¥(0))} = {Law(v)} is a
singleton family of probability measures on the Polish space H 1((9), hence trivially tight. For
(k=1) ¢ CR and Lemma 4.11 gives ||'U(k)HLoo(O7T;H1) < C(T,vg) Pp-ass.,
the Sobolev embedding H'(0) — L*(0) (Lemma 2.13 in d = 1) and Lemma 4.23 yield

n®) € L0, T; L*(0)) for q € (2,2 + &,,) with

equicontinuity: since u

En (171%™ oo 12)] < En[Hu%k_l)HLq(O,T;L?)”U(k)||L°°(0,T;L2)}

1
<En [[0® 0,29 * En 10 R a0,19)]

< Cl(n,T)]En[HUOHH(lJ VR < Cy(n,T)VR  uniformly in k.

=

Applying Lemma 4.19(i) with a =1, p=0and 8 € (0,3 — %),

||3A77(k)”05([0,T};H1) < C||77(k)HLq(o,T;L2) Pp-a.s.

uniformly in k. Together with the continuity of ¢ — e¢®vg in H 1(0), Markov’s inequality
and Theorem 2.45 yield tightness of {Law(v)} in M(C°([0,T]; H'(0))). O

Lemma 4.43 (Step (b): Skorokhod representation). There exist a probability space 2, =
(Qn, F, B, a subsequence (still denoted (k) ), random variables {(a®),5®)) : k € N} and a
limit (@}, 0%), all with values in C°([0,T]; L*(0)) x C°([0,T]; H*(O)) and defined over U,
such that

(i) Law((@®,5®))) = Law((u®, v*))) for all k € N,

(i) (a®), 5"y = (@, 5) Pp-a.s. in C°([0,T]; L2(O)) x C°([0, T); H(0)) as k — co.
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Proof. By Lemma 4.42, the family {Law(ug“),v(k)) : k € N} is tight in the Polish space
C%([0, T); L*(0)) x C°([0,T]; H'(0)). By Prokhorov’s theorem (Theorem 2.43), there exist
a subsequence and a Borel probability measure p such that Law(u v®) — p*  The
Skorokhod representation theorem (Theorem 2.46) then provides the probability space A,
and the processes with properties (i) and (ii). O

Lemma 4.44 (Step (c): Martingale characterisation). For each k € N, the process

+ [ [(=a = yDaP(s)

+ P (@, ) en(h2(0®), 9))0u (B0, 5)) div(af 1 () VP (s))| ds
is a local martingale (Definition 2.31) over A, with respect to the filtration
G kt) = o(aF) (s), 5" (s), aFV(s) 1 s < 1)

and with quadratic variation

- t 2
(NP, = / S [[a®(s) el Lds, e[0Tl
0 jez
Moreover, ©'%) satisfies Py-a.s. for all t € [0,T)]
t
B () = ePuy — / =)A= ()50 (4) ds. (4.21)
0

Proof. By Lemma 4.43(i), Law(a®,5® a*=Y) = Law(u®, o® 4FD)  Since ulP =
T (ulF~V) satisfies formula (4.8) over 2A,, the process M) (defined analogously with (¥,
’U(k), ug"’_l) on 2,) is a local martingale with the stated quadratic variation, by the It6 isom-

etry and the Wiener expansion W = Z 6261) ﬁ](-l). The equal-law transfer to 2, preserves
JEZ

both the martingale property and the quadratic variation identity. Equation (4.21) follows

analogously from (4.9) via the equal-law property. O

Lemma 4.45 (Step (d): Convergence in L"). The following two statements hold.

(i) sup En[ sup IIﬂ%k)(t)!\%2] <R
keN t€[0,T]

(i) For anyr € [1,2+¢,),

lim E, | sup \|ﬂ£Lk)(t) — 1y, (t)[[72]| = 0.
k—ro0 t€[0,7)

Proof. Part (i): Since Law (@) = Law(u(") and u(¥) € Cg,

E, {sup|@$lk)||%2} =E, [supHu%k)H%g} <R.
t t
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Part (i1): By Lemma 4.23 and the equal-law property,
" ~(k)|12+eu
sup E, [sup||un 172 ] < C(n,eu,T) < 0.
keN t

Hence the family {supl|a{®) — a ||, } ren 18 uniformly integrable with respect to P, for every
t
r < 2+ ¢e,. Combined with @¥) — @* Pp-as. in C°([0,T]; L*(0)) (Lemma 4.43(ii)), the

Vitali convergence theorem yields part (ii). O

Lemma 4.46 (Step (e): Limit martingale and Wiener process). The limit martingale M (t) :=
klim M,(f;) (t) exists in L' (P,) for every t € [0,T] and the following hold.
—00

(i) M’ is a continuous local martingale over U, with respect to the filtration G;,t =

o(ty(s),v*(s) : s <t) VN and quadratic variation

- t 2
* ~ % §
(M), :/0 > ‘ w(s) eg 1) L. s
jEz
(i) The limit ©* satisfies Py, -a.s.
t
5 (1) = Dy — / )85 (6)5*(s) ds. (4.22)
0

(iii) There exist an extension Q:ln of A, and a cylindrical Wiener process W on H defined

over ﬁln such that

5 t
30 = [ () ).
0
Proof. Ezistence of the limit and part (i): By Lemma 4.45(ii) with r = 2, @® — @* in
L?(P,,; C°(]0, T); L*(©))). Passing k — oo in M) term by term:

*
n

e the linear term (—A — ~1)a®) converges in L? by part (ii) with r = 2;

« the nonlinear term div(a*~YV5(*)) converges in H~! since in d = 1, using H' «— L*,

ldiv (@i —a) Ve,

< llag= = ayl 2 8™ m =0 Po-as.,

~

and analogously for the term with k) — 5+,

This defines Mn* and, by passing to the limit in the martingale characterisation from Lemma 4.44,
shows it is a local martingale with the stated quadratic variation.

Part (ii): Passing k — oo in (4.21): by Lemma 4.43(ii) and H'(O) < L®(0), a#D5*)

@ o* in C°([0,T); L*(©)) P,-a.s. Dominated convergence then yields (4.22).

Part (ii): By the martingale representation theorem (e.g. [DZ14]), applied to M which
is a continuous local martingale with quadratic variation of the required form, there exist an
extension 2, and a cylindrical Wiener process W on H such that M} (t) = /0 t @’ (s) dW(s).

O
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Lemma 4.47 (Step (f): Fixed point). Over the extended probability space Qzln, together with
the Wiener process W from Lemma 4.46(iii), the pair (@), 9*) is a martingale solution to the

truncated system (4.6). In particular, T, (4}) = @, Py-a.s.

Proof. Tt suffices to show Iﬁln [sup|| T, (@},) — @}||22] < e for every & > 0. Decompose
t

Term Cy: By Lemma 4.45(ii) with r = 2, I@n[sup||0k\|%z] — 0.
t

Term By: By the equal-law property Lemma 4.43(i) and the definition (4.20) of the Picard
sequence, Law (") = Law(u®) = Law(T,(u*V)) = Law(Z,(a*V)), hence B, = 0

n

P,-a.s.

Term Ay: By Lemma 4.41 (Hélder continuity of ¥,, with exponent %),

5 1/4
By [supl4ul | < € (B supla; - al D] ) 220
t t

by Lemma 4.45(ii) with r = 2.

Combining all three terms yields E, [sup|| T, (@) — @}||22] < ¢ for all € > 0, and therefore
¢

T (k) = an f”n—a.s. Together with Lemma 4.46, (@i, 5%, V) is a martingale solution to (4.6).
O

Proposition 4.48. For each n € N and any initial condition (ug,vo) satisfying Assump-
tion 4.5, there exists a probability space Ay = (0, Fr, (Fp

n,t)tE[O,T]aP:;), a cylindrical Wiener

process Wi on H over U, and a pair (u,,,v;) that is a martingale solution to the truncated

system (4.6) with (ul,v}) € C°([0,T]; L*(O)) x C°([0,T]; H(O)) P}-a.s. Moreover, there
exists C = C(n) > 0 such that

E;:[ sup ||u;';<t>||%z(@)] +E;;[ sup Vo ()30 | < Cln).
te[0,T te[0,T]

Proof. The existence follows from Lemmata 4.42-4.47: Lemma 4.42 constructs the Picard se-
quence and establishes tightness of the associated laws; Lemma 4.43 applies Prokhorov’s the-
orem and the Skorokhod representation to extract an a.s.-convergent realisation; Lemma 4.44
identifies the martingale structure inherited by the realised sequence; Lemma 4.45 establishes
L"-convergence for r < 2 + g, via Vitali’s theorem; Lemma 4.46 passes to the limit, iden-
tifies the integral equation for v*, and constructs the cylindrical Wiener process W via the
martingale representation theorem; and Lemma 4.47 verifies the fixed-point identity, show-
ing that the limit is a martingale solution. Setting 2 := 2:[n and W := W completes the
construction. The moment bound for w; follows from Lemma 4.45(i) by taking k& — oo, and

the bound for Vu;, follows from Lemma 4.11. O
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4.2.3 Step IlI: Non-negativity of Solutions

Non-negativity of u, and v, is needed both for the biological interpretation of u, as a cell
density and v,, as a concentration, and technically, since the truncated system (4.7) was only
shown to be well-posed without requiring u, v > 0, whereas the passage to the limit in Step IV
(Section 4.2.5) uses non-negativity to control ulogu from below and to justify the maximum-
principle-type bound on v. For this we will work towards ||u,, (t)H%% = v, (t)H%?9 =0 P,-a.s.

for a.e. t € [0,T]. The norms will be the limit of a function ¢s we now introduce.

Definition 4.49. For 2 € R we define

z, x>0,

" = max{r,0} = { and 2~ := max{—x,0} = {

—z, <0,

0, =<0, 0, x> 0.

Also for ¢ € (0,1) we define

2

gs(r) == 70:_75, for all r € (=9, 00),
Gs(r) = gs((r7)?), for all r € R,
ps(w) = / Gs(w(z)) dz, for all w € L*(0).

o

We first obtain some properties about these functions which will then be used later in this

section.

Lemma 4.50. For the functions from definition 4.49, Gs € C*(R) and the following hold.

(1) ForreR: |Gs(r) < (r*)z, |G5(r)| <2r~, |G5(r)] < 10,
Gs(r) >0, Gj(r) <0, G3(r) >0,
(44) forr>0: Gs(r) = Gjs(r) = G5(r) =0,
(131) for§ —0: gs—id, g5—1, g§—0, Gs(r)— (7“_)2,
Gs(r) — =2r=, Gi(r) =2, ¢s(w)— Hw_H%%, Vr € RVw € LQ((’)).

Proof. (i) It suffices to prove this statement for r < 0 since r > 0 is handled in (ii). Since

for all > 0, gs(r) < r, |Gs(r)| < (r~)?* is obvious. Easy calculations show for 7 > 0

2 2
, e+ 2ré " 26
95(7“) <T+ 5)2 = and gs (’F) (7“ + 5)37

and hence for 7 < 0, |G5(r)| = |0,[g5(r)]] = |2rg5(r?)| < 2|r| = 2r~ as well as

81252
G3(r) = 92[gs(r®)] = 2g5(r?) + 4r?gy (r?) < 2+ 2oy S 2+8=10.

(ii) For r > 0 the statement directly follows by r~ = 0, hence r N\, 0 is discussed. Using
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the formulas derived in (i) we compute the left-hand limits as r * 0:
li = li 2y = =
lim Gis(r) = lim g5 (1) = 95(0) =0,
lim G§(r) = lim 2rgs(r?) =
T%Ga(?“) lim rgs(r’) =0,

lim GH(r) = lim [205(r%) + 425 (r2)] = 205(0) +0 = .

Since left- and right-hand limits coincide at r = 0, the functions Gg, G%, and G are all

continuous on R, hence G5 € C*(R).

(iii) The first two statements are obvious. For the third we notice |Gs(w(z))| < (w(z)™)? <
lw(z)|? for all z € O by (ii). Since w € L*(O) implies w? € L'(0), applying Lebesgue’s
dominated convergence theorem shows the claim.

O

Next we want to apply the Ité formula to ¢5(u,(t)) but since A is not bounded from L?(©)
to LZ(O) we will have to work with its Yosida Approximation. Hence we apply Y: to the

mild solution u,,.

Lemma 4.51. The Yosida approxzimation u;, = Yzuy, is the unique strong solution to
dus, (1) = (Bug, (t) — W (1) Ve[ div(u, Vou) (5)] ) dt + us, dW(2), (4.23)
where Uy, = P (B (Un, )b (W2 (0n, ))n(h3 (vn, -)), i-e., for all t € 0,T]
W (1) = uf + /0 " (BUE(5) — Wn(s)Yz div(un Vo) (s)) ds + /0 ") AW(s)  Poas
Proof. Since u,, is a mild solution to du, = (Bu, — ¥, div(u,Vuvy,)) dt + u, dW(t), i.e.,
U (t) = e Pug — /Ot e =9B Y, (5) div(un(s)Vun(s)) ds + /Ot et =By, (s) dW(s) Pp-a.s.,

which after application of Y; leads to

t
i (t) = e'Pui — |

t
PG, (5)Y. div(un () Von(s) ds + [ €TI0 () dW(s) Py,
0 0

because Y. and e® commute. Hence u¢ is a mild solution to (4.23). Furthermore because

< 00,

T T
E, [ |G o) dt] < E, [ / HYsunH%g] < vEn[ sup [l (1)3-
0 0 te[0,7)

by the equivalence of mild and weak solutions for semigroup-generated equations (see e.g. [Paz83,
Chapter 4]) u;, also is a weak solution to (4.23) and since u;, € dom(B) it is also a strong so-
lution to (4.23). By uniqueness of mild solutions to this linear equation ([Paz83, Chapter 4])
the solution is also unique and the representation for u;, follows by the definition of strong

solutions. O
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Now we can apply the It6 formula (Theorem 2.37) to ¢5 on uj,(t). Doing so we get

t 4 t
So(ui (1) = ds(ud) + [ 3L () ds+ [ 15 (s) W)
j=1

=:M;5(t)
with
9o (s / Gs(u us, (s, x) dz,

1575 (s) = ’y/OG(; us, (s, x))u;, (s, x) de,

E9(s) = —Wn(s) / Gl (5, 2)) Y- div(unVon) (s, ) dz,

L9 =55 / G 2)) (s 2)ef? ()
kGZ
I§5 /G' o ( us, (s, x) de.

Lemma 4.52. For ¢5, the following holds Py-a.s. for allt € [0,T]

65(06,0)) < 05(08) + 27+ 57 [ 105) (5}
4803 [ on(6) s (105) ") + ) = w5 ()12 ds + M5 0.

Proof. Leaving out (s,z) in the calculations we see that for I] )0
0 — /G )|Vl |2<—7/ G () |V 2.
For I§’6 we use |G5(r)| < 2|r|- 1j,<0} from Lemma 4.50 for
76 - -
15° <2 [ 1(uE)7 2 = 29)i) I,
O o
For IZ’é we obtain something similar by |G%(r)| < 10 from Lemma 4.50(i)

Ij‘;<5/z

keZ

(1)) - -
o) =5 1) = sl s

For I§’5 we use, that Y; is self-adjoint, commutes with (—A N)% on H} which in norms is the

same as V and Y is a contraction, the embedding H' < L> (with constant C) in d = 1
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and Young

Y= —v, /YG5 )] div(un, Vo,) = ¥y, /VYG’( )unVon

< (= 2)2VaGy(us) 2 l1(u5) ™ + o — | 2] Vo 1oc
1 _

< (=2)2G5(up) lz2ll(ur,) ™ + un — g )| L2Cpllvn| 2

< 1G5 (un) Vunlle[(un) ™ + un — uGll22Crllvn| e

< H\/Gg%ua)w; L VECEI() + = il

NG 20 _ .
<5 [ T+ TR () e + e = ) el

where the first addend is absorbed in I} 2, O

Lemma 4.53. Ase,0 — 0, M§(t) converges to M(t) in probability, where

= 2/ / )2dzdW(s), i.e., lim hmIP’ n(|M§(t)— M(t)| >e0) =0 Veo > 0.

6—0e—

Proof. Because of the Markov inequality it is sufficent to show

t 2
E,||M5 () - M(1)]?] = E, [ i (s, (s, 2) s (5, ) =y (5, 2)% da

ds] -0

because of the It isometry (see e.g. [DZ14, Section 4.2]). Since u, — u,, in L*(O), us* — u,,
pointwise a.e. in O for a subsequence (e;) and because G5 € C*(R;R) we have G (usk )usk —
G5 (tn)uy, ace. in O. Because |G5(us)us | < 2|us|> € L (O) Py-a.s. in [0, T], we also have by

Lebesgue’s dominated convergence theorem (DCT)

[ cni =5 [ G 53 o

Using

t /OGg(ui(s,a:) ul (s, ) —u, (s,z)? de

“<a [l <4 oup [l ()l € (@),

s€(0,t

which implies

‘/o Gs(ur (s, 2))us (s, ) — uy (s, 2)* do ’

< 4Hu;(s)uié € L>*(0,T) — L'0,T)  P,-as.,

the DCT implies the statement. O

Corollary 4.54. In the setting of Lemma 4.52 for the mild solution w, fulfilling ug > 0
P,-a.s. the following holds Py-a.s. for all t € [0,T]

a3, < @y +5m) [ e (6) 13 s+ 8% [ (o) a s 5) s+ Do),
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Proof. We obtain that |Gs(us)| < |uf|* € L} (O) P,-a.s. in [0, T] because
S Wa = Il <l <00 Bas. in 0.7,

Hence by Lemma 4.50(iii) and Lebesgue’s dominated convergence theorem (DCT) on O we
have ¢s(us,) — H(ufl)_Hi% P,-a.s. in [0,T] as § — 0.

Since uS, — u, in L*(O) there exists a subsequence (g3 )y, such that us (x) — u,(x) for a.e.
z € O and we have ||(u5)"|? — |(un) " | < [uS)? + un|* € L' (O) Py-as. in [0, T] because

i+ Jual?) = 22 + anly < 2wy <00 Pocas. in 0,7)

Hence by DCT on O ||(ufl)*\|%% — Hu;H%?D Pp-a.s. in [0,7] as € — 0. The limits of the
deterministic integrals on the right hand side are obtained by DCT on [0, 7] with Hun”%% €
L>®(0,T) — L*0,T).

Since P,-a.s. convergence implies convergence in probability, which we have shown for Mj,
we can apply convergence in probability on everything.

Finally ||ua|\%?9 disappears P,-a.s. because ug > 0 Py-a.s. O
Proposition 4.55. Under Assumption 4.5, u, > 0 holds a.e. in [0,T] x O x Q.

Proof. Let o(t) := Hu;(t)”%%, g(t) = |lva(t)||32 and k(t) := C(g(t) + 1) where we set
C = max{2y + 5vy1,8C%}. Then Corollary 4.54 implies

P(0) < N(O) = [ olohnls)ds+ M, 9(0) = N(O) =0,

with N > 0 P,-a.s. in [0,T]. Define A(t) := exp(— [3 #(s)ds) € (0,1] which fulfills dA(t) =
—rk(t)A(t) dt. Define Z(t) = A(t)N(t) which by the product rule fulfills

dZ(t) = A(t)(e(t) — N(t))k(t)dt + A(t) dM (¢), Z(0) =0.
Since A, N > 0 we have
0< Z(t) = /0 " A () (o(5) — N(s))i(s) ds + /0 " Als)dM(s) = A(t) + TT(1),

with A < 0 because ¢ < N. Hence M=Z-A>0isa local, non-negative martingale, thus

a supermartingale by Fatou’s lemma, with
E,[M(t)] < NI(0) =0 = M =0 P,-as. in[0,7]
Then we have P,-a.s. (because Z > 0 and A > 0)
Z=A<0 = AN=7Z=0 = N=0 = p<N=0= ¢=0 in [0,7],

which yields the claim. O

Now we can also prove non-negativity of v,,, which is way easier to show because we already
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have v, € L*(0,T; H*(O)) which implies v,(t) € H* = dom(—Ay) for a.e. t € [0,T]. Hence

we do not need any approximation.
Proposition 4.56. Under Assumption 4.5, v, > 0 holds a.e. in [0,T] x O x Q.

Proof. By standard linear semigroup theory ([Paz83, Chapter 4]) there exists a unique strong
solution v, € C°([0,T]; H(O)) N L*(0,T; H*(0)), i.e.,

t t
t) — vy = / Av,, — / UpUn Pp-a.s. for t € [0,T],
0 0

which after application of the chain rule and ¢s(vg) = 0 is just

0 < ¢gs(vn(t) / Dsts(vn(s)) ds —/ / Gs5(vn) (Avy, — upvy)

/ / Gl (vn) |V, |* — / / Gs5(vp)up vy, <0 P,-a.s. for t € [0,T],
Oﬁ{vn<0}\—v—-’ \</0'/

because G(r) = 0 for » > 0. Taking § — 0 by DCT (|Gs(v,)| < |va]? € LY(O)) we get
v, (t)H%?9 = 0 Py-a.s. for all ¢t € [0, T], which yields the claim. O

The result slightly differs from the result of [HMT22a], who have shown E,, {Hu; (t) H%Q} =0
for all t € [0, 7).}

4.2.4 Step Ill: Construction of a Sequence of Solutions up to Stopping Times

In contrast to [HMT22a], we will not construct (u;,v1) and (ug2,v2) but we will construct
(u1,v1) and then inductively construct (@p4+1,Un+1) on top of (un,v,). The solution pair
(U, vp) will be a solution of the original system up to the timepoint 7,,, and from there on it

will follow a linear system we now first examine.

Definition 4.57. For fixed o € [0, 7], W cylindrical wiener process and (yo, z0) € L*(O) x
H'(O) we define the linear system on [0,T — o] x O

dy = (Ay +~y) dt +y d(0,V)(¢),
Oz = Az, (4.24)
(4(0), 2(0)) = (yo, 20),

with Neumann boundary conditions (y(t),z(t) € D(A), D(A) = {u € H*(O) | d,ulso = 0},
cf. [HMT22a, (2.1)]), where 6, is the shift operator, mapping f(t) to f(t + o).

Set W(t) := W(t + o) — W(o) for t € [0,T — a].

'1 have not found a way to prove this result after the following inequality is obtained:

E [Jun (£)|72] < C(ru, X)E [/ / un(g,x)|2|vvn(s,x)|2dxds} + (27 + 4)E [/ luy, (5)]32 ds]
0 (@] 0
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Lemma 4.58. W is a cylindrical Wiener process on H (not on two separate channels Hi, Ho
as in [HMT22a], since (4.1) has only one noise term), independent of Fy, adapted to Fyit
and fulfills for all t € [0,T — o],

AW(t) = d(0,W)(t).

Proof. Write W = Ze,(fl) B with independent real (F;)-Brownian motions ;. For deter-

ministic ¢, the deﬁnir’fg property of (F;)-Brownian motion (conditional characteristic function
of increments equals the unconditional one) gives (Bi(c + ) — Bk(c))x L Fe, jointly over all
k. Approximate o by dyadic stopping times o, | o taking finitely many values, apply the
deterministic statement on each atom {0, = jT/2™}, and let m — oo: right-continuity of

(Fr) gives Fp = ﬂ]—"am, path-continuity of B; gives a.s. convergence of the increments, and

dominated converrggence transfers the factorization to o. For the identity we just calculate
d(GW) (1) = AV(t + 0)] = d[VV(t) +W(o)] = dW(t). O

Lemma 4.59. There exists a unique (up to indistinguishability) mild solution pair (y,z) to
system (4.24).

Proof. The equation for z is the deterministic linear heat equation with Neumann boundary

tA 2 is classical semigroup theory (Lemma 2.19).

conditions, whose unique mild solution z(¢) = e
For y, the coefficients A = A + I (bounded perturbation of a semigroup generator) and
G(y)h := yh (as in Section 4.2.1, a fixed bounded linear map L*(O) — Lo(H, L*(0))) satisfy
the hypotheses of Theorem 2.33 (with f = 0), applied on the shifted, independent noise

0o W. O
Lemma 4.60. The solutions y and z from before are non-negative.

Proof. The non-negativity of y can be proven similar (even easier) to the of u, and y > 0

follows by Hopf Maximum Principle for Neumann boundary condition. O
Without proof we state the following lemma as a transfer help in the induction step.

Lemma 4.61. Let 2y = (Q, F1, (F1,t)iefo,r), P1) be a complete filtered probability space satis-
fying the usual conditions, let o be an (Fi¢)-stopping time with o < T Py-a.s., and let (u,v) €
C0([0,T); L*(0)) x C°([0,T); HY(O)) Py-a.s. be (Fiy)-adapted. Set E := L*(0) x H'(O),
n = (u(0),v(0)), and suppose u := Lawp, (n) satisfies Assumption 4.5.

Let (A2, W, (uz,v2)), A2 = (Qa, F2, (Fait)iepo,1]; P2), be any martingale solution to (4.6)
(at the truncation level under consideration) with (u2(0),v2(0)) of law .

Then there exist a complete filtered probability space A = (Q,ﬁ, (ﬁt)tE[O,T]vﬁp) with

Q=0 x Xz,  Xp:=C0,T);L2(0)) x C°([0, T]; H'(0)) x C([0,T];R)?,

a canonical projection Ty : Q — Oy with (71'1)*1@’ =Py (fip meaning the pushforward measure
Fert(A) := u(f7YA))), a cylindrical Wiener process Wo on H over 2, and a pair (i, 02),
such that (A, Wh, (tig, 02)) is a martingale solution to (4.6), and P-a.s.
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(i) (02(0),72(0)) = nom,
(ii) Wy is independent of w1 *(F1); in particular, of 77 (Fi).

Proposition 4.62. For every n € N there exist a complete filtered probability space A, =
(Qn, Frs (fn,t)te[o,T],I@n) satisfying the usual conditions, a cylindrical Wiener process W,, on
H over Ay, a pair (i,,v,) € C°([0,T); L*(0)) x C°([0,T); HY(O)) Pp-a.s., and a (Fpy)-
stopping time 7, < T, such that (U, Wy, (tin,p)) is a martingale solution to the truncated
system (4.6) (at level n) up to T, and on [T, T] the pair (uy,vy,) solves the linear sys-
tem (4.24) with o = 7,, W = W,, and initial data (i, (7n), 0n(Tn)).

Proof. The proof is carried out as a mathematical induction.

Induction base: For n = 1 by Proposition 4.48 there exists a probability space 2A; =

(Q, Fi, (fl,t)te[O,TbPl)a a cylindrical Wiener process Wi on H over 2y, and a pair (uj,v1)
that is a martingale solution to the truncated system (4.6) (with n = 1) with (u1,v1) €
C%([0,T); L*(0)) x C°([0,T); H(0)) P;-a.s.

Now set 7§ := min(rj, 72,75, T) where

rhi=inf s 2 0] ur(s)llp, > 1},
712 =inf{s>0] HVM(S)H%% > 1},

i inf{s >0 | /0 901 ()3 dr > 1},

Here we obtain that for ¢ < 77 the cutoff fulfills ¥ (¢) = 1 and hence until 75 the pair (uq,v1)
is a solution to the original problem. Set Ap = Ay, W := W, and

(ur(t),v1(t)), for t € [0,7]),
(1t —77),z1(t = 77)), forte|[r,T].

(u1(t),v1(t)) == {

where y; and z; are the solutions to System 4.24 for o = 77, W = Wy and (yo,20) =
(u1(71),v1(77)). Then u; and v; are continuous because all parts are and the initial conditions

for y and z are chosen exactly right.

Induction hypothesis: Assume there exists a n € N such that for every k € [1,n] NN there

exists a probability space 2 = (Q, Fr, (ﬁk,t)te[o,T]7EDk)a a cylindrical Wiener process Wj, on

H over Ay, and a pair

(ui(t),v1(t)), for t € [0,71),
(Ug(t—’i_'l),UQ(t—’i_'l)>, for t € [7_'1,7_'2),
(Uk, k) =
(u(t — k1), v (t — Tk—1)), for t € [Th—1,7x),

(yk(t—fk),zk(t—%k)), for t € [’Z_'k,T],

where gy, and zp are the solutions to System 4.24 for ¢ = 7y, W = W, and (Yo, 20) =
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(ug (74 ), ve (7)) and where 7, =70 + -+ - + 7, T = min(T,%,T,f,T,?,T) and
7 = inf {s > 0| lu(s)] g, = &},
7',? =inf{s>0] ][VUk(s)\\%% >k},

3.~ inf (s> 0] /0 [0k ()12, dr > £},

=

Furthermore assume that this is a martingale solution to the truncated system (4.6) up to 7y
with (g, 7,) € CO([0,T]; L*(0)) x C°([0, T]; H(O)) Py-a.s.

Induction step: Suppose (2, Wh, (iin, 0,)) and 7,, have been constructed as in the induction

hypothesis. Set

which is fnyfn—measurable, since (U, Up) is (]}mt)—adapted with continuous paths and 7, is
a (fm)—stopping time. Since 7, is by construction the endpoint of the n-th truncated piece
(before any linear extension is entered), 1, = (un(7,), vn(7,)), so nonnegativity of 7, follows
from the nonnegativity of w,,v, established in Step II, and u, := Law(n,) satisfies the
integrability required in Assumption 4.5 by the moment bound of Proposition 4.48 for wu,,

together with Lemma 4.11 for v,.

By Proposition 4.48 (truncation level n+1, initial law p,) there exist a probability space
Ant1 = (Qar1, Farts (Fur1t)ecor]; Par1), a cylindrical Wiener process Wy 41 on H over
41, and a pair (up11, vn41) that is a martingale solution to (4.6) (level n+1) with (up+1(0), vp11(0))
of law fi,; in general only (up+1(0),vn+1(0)) 4 Nn, not pathwise. We therefore apply the
Transfer Lemma (Lemma 4.61) with 2y := A, 0 = 7, (©4,0) := (Un, V), Az = Apnyi1,

obtaining a complete filtered probability space

A N A A A A —

A1 = (Lot 1 Fotts (Farrie1), Prt1)s Qogr = Qo X Xy,

with canonical projection m,: Qn+1 — Q, (Wn)*]j;bn+1 = P,,, a cylindrical Wiener process
Wiyi1 on M, and a pair (fi,41,,41), martingale solution to (4.6) (level n+1), such that

Ppy1-a.s.
(tin+1(0), Dp4+1(0)) = My, Wn+1 independent of w;l(]t"n) D W;I(Fn,;n).

(We tacitly identify every Q,-measurable object with its pullback along 7, from here on.)

Define, analogously to Step I,

Togr = 10f {5 > 0 | [|an41(s)l 1y = n+1}, Toyr = inf{s > 0] |!V17n+1(5>‘)H2Lg9 > n+1},

73+1 =inf{s >0 | fosHV@nH(”)H%% dr > n+1}, T;+1 = min(ﬂiﬂﬁgﬂﬁsﬂa T),

and set 7,41 = T, + 7,,1. As in the base case, for s < 7, ; the cutoff in (4.6) equals
1, 80 (Qn41,Ony1) solves the original (untruncated) system on [0,7,,1]. Let (yny1,2n+1) be

the solution to System (4.24) for ¢ = 741, W = Wyi1 (defined below), and (yo,20) =

(Ut 1(Th11)s Ont1(Thy))-



72 Chapter 4. The Stochastic Consumption Model

Set ﬁln+1 = anJrl,

— — ~ I_P)n-Q—l
fnJrl,t = O'(J—"n,t/\ﬂ_-n U U((anJrl?@nJrl; Wn+1)(s): s < (t - 77—71)+)) ) te [O,T],
] Wa(t), te 0,7,
Wat1(t) == 4 _ N
WalTn) + Whit(t = 7n), t € (Tn, T,
and
(un(t), on(t)), t € [0,7n),
(an-i-l(t)y@n—i-l(t)) = (ﬂnJrl(t*’fn),’(A)nJrl(t*%n)), t e [fn,%nJrl),

(yn+1(t - 7thrl)a ZnJrl(t - 77_n+1))> le [7:11+1v T]-

Continuity of (Un+1, Un+1) at t = 7, holds because (Uy+1(0), 0p41(0)) = 7n = (Un(Tn), Un(Tn))
pathwise, by Lemma 4.61(i); across t = 7,41 it holds because (yo,20) was chosen to equal
(in+1(T541), Dnt1(7hy 1)) exactly. That W, is a genuine cylindrical Wiener process over
§ln+1 relative to (ﬁn+1’t) follows by the same gluing argument as for the shifted Wiener pro-
cess in the construction of (y1,21): W, has independent increments relative to (F,a7,) on
[0, 7,,] by the induction hypothesis, and VAVHH, started afresh at 7,, has independent incre-
ments and is independent of F,, 7, — here by Lemma 4.61(ii) rather than by the strong Markov
property, but the concatenation argument itself is otherwise identical. Finally, (U1, Up41) is
a martingale solution to (4.6) on [0, 7,41] over ,,;1: on [0,7,] this is the induction hypothe-
sis, and on [T, Tp+1] it is the martingale-solution property of (di,41, 0p+1) from Lemma 4.61,

transported through the time shift ¢ — ¢ — 7,,. This completes the induction step. ]

From (2(,,),cn to a single fixed probability space. The induction just carried out produces,
for every n, a genuinely different probability space 2, = (@, Frn, Pp): by construction Q, 1 =
Q,, x Xn+1, SO Q=M xXyx---xX,isa growing finite product, related by the canonical
projections 7, : Q1 — Q with (7,)«Pry1 = P, (this is the “tacit identification” convention
introduced above). This is exactly a projective (inverse) system of probability spaces, and
since each X}, is Polish and each P, a Borel probability measure, Kolmogorov’s extfonsion
theorem yields a projective limit: a probability space 2 = (Q, F,P) with Q := Q; X H X,

k=2
together with projections 7(™: Q — Q,, onto the first n factors satisfying (x(™),P = P,, for

every n. Extending the tacit-identification convention from the single step m, used above to
7™ we henceforth regard every object defined on some 2, as defined on the fixed Q via
pullback along 7™, with P(B) = P,(B) for every F,-measurable B. This is the point, and
the only point, in the construction at which the probability space becomes fixed once and for
all, with n from here on affecting only the solution pair (u,,v,) and the stopping time 7,
not the underlying (2, F,P); it is what justifies writing bare €2, P (rather than €, P,) from
Step V onward, and the identity P(A,) = P, (A,) used there.
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4.2.5 Step IV: A Lyapunov Estimate Adapted to Consumption

The Lyapunov functional used by [HMT22a] for the production model,
W(u,v) = / ulogu — p/ wv + C1|| V|22 + Ca||v]2e,
@ @

carries a cross term —p [, uv tailored to compensate the destabilizing production nonlinearity
+pu in the second equation. In the consumption model considered here this term is absent.
Following the deterministic energy functional of Section 3.3, we instead replace it by the
Fisher information 2 [, |Vy/v|?.

In this section we want to bound the following functional in expectation
Flu,v)(t) = / wlogu + 2/ Vol (4.25)
@] @

Note that in this consumption system we replaced —p [, uv by

1 Vo2
2 [fwvilt = [ M
@] () ()

Additionally we introduce

Vuf? Vol?
D(u, v)(t) ;:/O’ Y +/(QU\D210gv|2+/Ou2:j|, (4.26)

u

with the goal to show
t
E[F (i, 5,)(8)] < E[J—"(ﬂn,ﬁn)(t) + /0 D, ) (5) ds] <c

for some constant C' > 0. The first inequality is obvious due to D(u,v) > 0 when u and v

are non-negative.

Since (uny, vy) is neither regular enough to use the Itd6 Formula nor regular enough for Vu
to even be defined properly, one needs to use an approximation (u®,v®) which is obtained by

one of the following ways.

(i) Using (u®,v%) = (Yetin, Ye0p) with Yz = (I — eA)™! being the Yosida Approximation

which solves
W () = uf + /O " (AU (S) + AuE — W (5)Ye div(@y V) (5)) ds + /0 " (s) AW (s),
() = uf, + /Ot (AW — Y (6, Vi) ds,

P,-a.s. for all ¢t € [0, T).

This ansatz does not work because the term (¢5(u®), =Yz div(, Vn,)), With ¢5 being
an extension of rlog r to the whole space R, can not be controlled by ¢5(u®) due to the

fact that div and V do not commute with Y. in the scalar product.



74

Chapter 4. The Stochastic Consumption Model

(i)

(iii)

Using the approximative system

du® = (Asu® +yu® — ¥, dive (u®Vo)) dt + v dWV(1),

o® = A0 — utv®

e—0

where A = 1((I - eA)™! — 1) and div.(w) := div(n. « w)where 7. (x) := 5_177(§) —
d(x) with n being the standard mollifier, i.e., n € C°(R) and [pn = 1.

Unlike in (i), where it is obvious to show (u°,v®) — (uy,vy) for ¢ — 0 in some sense,

here we have to prove that. This is (if possible) not easy.”

Using the approximative system

du® = (Auf +yu® — U, div(u® FL(u®)Vo®)) dt + u® dW(t),
O = Av® — Fo(u®)v®,

for F.(r) := Llog(1+¢r) and € € (0,1) as in [TW12], cf. also the regularized determin-

£

istic system (3.7).

The authors of this paper have shown everything needed (existence of the approximative
system, convergence, energy estimates, etc.) for the deterministic version, but even to

show existence for the version with multiplicative noise is not easy (if possible).

There may be more possible ways to tackle this problem but (iii) might be the most promising.

Since there is simply not enough time and space in this thesis to further discuss this, we

will just skip the approximation and work directly with (u,,v,) even if this is not rigorous

(especially because we do not have i, v, > 0).

We now differentiate between the case that ¢ € [0,7,] where (uy,v,) follows the origi-

nal system (¥, = 1) and the case that ¢t € (7,,T], where (uy,v,) follows the simple heat

equations. Hence the upper integral bound ¢t A 7,.

We will be writing (u, v) instead of (4, v,) and omit (¢, x) and (¢, s) for simplicity. Defining

f(r) =rlogr we see f'(r) =logr+1and f”(r) = 1. First we work with the term ulogu.

Lemma 4.63. There exists C = C(T,|O|) > 0, independent of n, such that

) Ve tATn
/ (ulogu)(t A Tp) da:—i—/ / ——dxds < / / [VuVv + Culogu] dz ds
o 0 o u 0 @]

tATn
+C/ /(ulogu+1)dxdW(s)+C’.
0 @

*The authors of [HMT22a] state that they have chosen this way but cite a paper using (i) in a system where
the divergence term does not appear. Also they state that [|Ac — Al gv+s sy - 0ase — O0forallé €R
and v > 0 but the statement is only true for v > 2.
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Proof. Using the Itd6 Formula we obtain that

/Of(u(t/\Tn))dx—/of(uo)dx—/MT” (f'(u), Au~+ yu — div(uVv)),, ds

+/t/\‘r L aw(s
+5 ;;z/ |u€k PR >

which by partial integration, » ;. |e,(€51) |2 = ~1 and pluging in f leads to, writing  := t A 7,

2
/(ulogu)()dx—/ uologuo—// l [Vul® +7u(logu+1)+lu+uvuvv
o @) 2 U

] dxds

+/0 /Ou(logu—l—l)dﬂfdw(s)'

This together with r < rlogr+1 for r > 0 and ug € L?(0) — LlogL(O) yields the claim. []

Next in line is the term with |Vy/v|?. For this we need to define another function

Definition 4.64. We define )

w
g(v,w) = %7

with its derivative

Dg(v,w) = <_w2 w) :

202w

Lemma 4.65. The following identity is given for g

v 2 v
Dg(v,Vv)[h]:/O (‘ZU,J —AU> h.

Proof. Linearizing v — v + ¢h and w = Vv = Vv 4+ eVh yields

v|? v
Dg(v, Vv)[h] :/ODg(v,Vv) <th> = _/(9 |Zv2| h+/(9v1) - Vh.

Integrating by parts in the second integral yields the claim because

2
Cdiv YU - B [Vl O
v

v v2

Lemma 4.66. There exists C(|O]) > 0, independent of n, such that

2 tATn 2 tATn
/ |VQU‘ (t/\%n)dx+/ / lv|Dzlogv!2+u’Zv|1 dzds < — / / VuVvdrds+C.
o0 v 0 @] v
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Proof. We can easily see that

— — Av—uv

/O [9(v, Vo) (t A7) — g(vo, V)| do = /Own Dg(v, Vv)[0rv] = /Own < 202w

tATn 2A 2 A 2
:/ / [M\v + uAv — u[ Vol — |Av] ] dz ds,
0 o 202 2v v

Vo2 Awv >

where the last addend can be written, by identity (2.18) of Lemma 2.21 applied with w = v,

Avl? D22 3|Vu2A 4 1 1
Sy [_| of _ 3[Vof’ v+IVg\]d$+/ L0, Vol da.
o v o v 2 Joo v

as

v 2 v

Substituting this into the bracket above and regrouping the remaining terms

|Vu|2Av B §|VU\2AU B _|Vv\2Av

202 2 2 v?2

shows that the bracket equals

uAv

v v3 v2

u|Vo|? |D%v|?2 Vot |Vu?Av
2w a - ’

and the term in square brackets is exactly v|D?*logv|? by identity (2.17) of Lemma 2.21.
Since (u, Av)n = — (Vu, Vv),, we obtain

B tATn U|VU‘2 9 5
/ [g(v, Vv)(t A T) — g(vo, Vug)] do = / / —VuVu — oy T v|D*logv|”| dxds
@ 0 @

1 [tATn 1 )
+*/ / —0,|Vu|* dx ds.
2.Jo 80 v

Since @ C R is an interval and hence convex, Lemma 2.20 applies and gives 8, |Vv|*|s0 < 0.
Finally /oo € H*(O) (Assumption 4.5(d)) yields the claim. O

Corollary 4.67. There ezists C = C(T,|O|) > 0, independent of n, such that

tATn tATn
f(u,v)(t/\?n)—i—/ D(u,v)(s)dsgC/ / ulogudxds
0 0 o

tA\Tn
+C'/ /ulogudade(s)
0 @]

O+ CW(EAT).

t
Proof. Lemma 4.63, Lemma 4.66 and / dW(s) = W(t) because W(0) = 0. O
0

We still have to deal with the stochastic integral.

Lemma 4.68. There exists C' > 0 such that

/03 /O Flu)dz dW(0)|| < CE,

E, | sup
s€[0,t]

(/Ot (/Of(u)d:n)st)%].
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Proof. Let us call & (s) := <f(u(s)),e§€61)>o and X(s) := [, f(u(s))dz. By definition of W
we obtain

- ! _ ! (1)
erééﬂmmmwuwM—zé&@wua

kEZ

which using the BDG Theorem 2.36 leads directly to

E, Lsel[lol?t] IM(S)I] < CBEn[<]§/Ot |§k(5)|2d5>;]-

We also can estimate | (s)| by

=MNkCk

A
6(s) = | [ F e da| < vam|x ()]

which by inserting into the inequality above and using Z 77,% = 71 (Assumption 4.3) yields
keZ
the claim. ]

Lemma 4.69. There exists C = C(T,|O|) > 0, independent of n, such that for allt € [0,T]

<C.

SE[0,tATR]

En[ sup /O[ﬂn(s) logﬁn(s)—&—lv\/a(s)ﬂ dz

Proof. Obviously u(t)logu(t) < F(u,v)(t) and E,[W(t)] = 0 for all ¢t € [0,7]. Taking the
supremum and expectation in the inequality of Corollary 4.67 and using Lemma 4.68 we

obtain

tATn
< CiE, [/ sup F(u,v)(o) da]
0 o€(0,s]

tATn 2
(/ sup F(u,v)(0)? ds>
0 o€l0,s]

sup F(u,v)(0)? < sup F(u,v)(0)?,
o€l0,s] o€(0,t]

En[ esup F(u,v)(s)

[0,tATn]

+ C5E,, +C3

Using that for s <t

we can find that with Young

1 1 1
t 2 2 [ 2
(/ sup f(u,v)(a)2d5> < <sup f(u,v)(a)) (/ sup F(u,v)(o) ds)
0 o€l0,s] o€l0,t] 0 o€l0,s]

t

< a sup F(u,v)(o)+ Cy(a) / sup F(u,v)(o)ds.
o€l0,t] 0 o€l0,s]

Now we can choose a small enough so the first addend will be absorbed in the left side. Hence

with Fubini we arrive at

E, [ sup  F(u,v)(s) do +C3

s€[0,tATR]

tATn
< 04/ En[ sup F(u,v)(o)
0

o€(0,s]
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which with Gronwall yields the claim. O

For t € (7,,T] the estimate is easier: Since —div(uVwv) disappears from the first equation

and —uv from the second one, the VuVwv-term vanishes from both estimates as well as the

u|Vol?
v

term from the left hand side of the estimate in Lemma 4.66. Hence we finish this

section with the following result.

Proposition 4.70. There ezists a constant C = C(T,|O]) > 0, such that for everyn € N

T
+E, +En/ [0l dt| < C.
0

E, [ sup ||tn(t) |l L1ogL

V0172
te[0,T7] "o

sup
€[0,T]
Proof. 1t is easy to verify that rlog(r+1) < rlogr+ max(1,log 2+ %), hence by Lemma 4.69

(and the argument above for t € (7,,T]) there exists C; > 0 such that

En[sup ()| 10sz.0 | < En | sup / i log iy dz | < C1.
te[0,T) te[0,7] /O
Since rlogr > —%, F > —@ holds pointwise. Because uy,v, > 0 (Propositions 4.55

and 4.56, transported through the gluing of Section 4.2.4) we see 0;v, < A, and hence by
the Hopf Maximum Principle for Neumann boundary condition [|v,(t)|[ze < [[vol|rgs for all
t. Using |Vu,|? = 40|V /0,|* we obtain

_ — 1 @
V(01 < Hllzs [ 1Vy/ou0F do < Alulzz -3 (Fao@+ D) viep

Since ||vg||zee < K P-a.s. by Assumption 4.5(e), taking the supremum and expectation yields
the estimate for the second term in the claim.
By [Winl2, Lemma 3.3] (with h(s) = s) we have [, qug'él < Cs [ow|D?logw|?. With

(a—b)* > 3a® —b* for all a,b € R ( <= i(a —2b)? > 0) applied to the norms of

D?logw = % — % we obtain
2
D*w  VweV D2w|*  |[Vw|* D?w|?
|D?logw|? = w_Vwevw) |D7wl” _ [Vl = / D7l §C’6/ w|D?log w|?.
w w? 2uw? w? o W o

Hence we arrive at
- D%y, |2 _ ~
L1072 < ol [ 200 < [ a0 0gm7
O O Un O

Taking the expectation of the inequality in Corollary 4.67 and using Lemma 4.68 and the

proof of Lemma 4.69 shows

T
E, [/ / 17n|D210g17n\2dxds
0 O

With HV%H?{QD < ||V77n\|%?9 + ||D2'Un”%?9 that yields the claim. O

0]

+C4+7§C5~

< C4E, [ /0 ' F (tn, 0y ) () dt

A remark on rigor is in order. The computation in the proof of Lemma 4.66 differen-
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tiates g(v, Vv) in time and integrates the identity of Lemma 2.21 by parts, treating v (in
the application, v,,) as if it were classical. The regularity of v,, established in Step III (Sec-
tion 4.2.4) does not, by itself, justify this computation directly. A fully rigorous argument
would probably mollify (u,v) in the way described in (iii) above.

4.2.6 Step V: Globalization

Finally we want to show that there exists a solution on the whole interval [0, 7. For this we
define
Ay i={w e Q: Tp(w) > T}

We want to show P(4,,) — 1 as n — oc.
First we need the following lemma, which helps when gluing the solutions together. We

will omit the proof here.

Lemma 4.71. Let (0, F, (Fi)ejo,r),P) be a complete filtered probability space satisfying the
usual conditions, E a Polish space, (0y)nen a non-decreasing sequence of (Fi)-stopping times
with values in [0, T, and (Xn)nen, Xn: [0,T] X Q — E, a sequence of (F;)-adapted processes

with P-a.s. continuous paths satisfying
Xnt1(t) = X (¢) for allt € (0,04, P-a.s., n € N. (4.27)

Set Q = U {0 > T} and, for w € Q, n(w) := min {n € N: o, (w) > T}. Define
neN

X(t,w) 1= Xy (t,w), te[0,T], we.

Then X has P-a.s. continuous paths and is (F;)-progressively measurable on [0,T] x Q.
Lemma 4.72. On Ay, (tUn, 0n)ljo,) solves (4.5).

Proof. By the inductive construction in 4.2.4, (tuy,v,) solves (4.5) on [0,7,]. On A,, [0,T]
is contained in this interval, so (tn,Vn)|[o,7] is itself a solution of (4.5) on all of [0,7] and
we dont need the linear extension via the heat equations. Also A, C A1, since 741 =

Tn + Tyt = Tn- O

Lemma 4.73. There ezists a constant C = C(T,|0|), independent of n, such that

Proof. Since 7, > 7,,, we have {7, <T} C {7, <T}. If 7, < T, then by right-continuity of

(tn,v,) and the definition of 7* = min(7}, 72, 73, T) as stopping time, at least one of

lunrdloy, =n IVoa(mlEy =ne [T IVas)y ds =,
holds. After the gluing and transfer to (u,,v,) and an absolute time 7,, € [0, 7] via

(un(8),vn(5)) = (Un(Tn—1 + 5), Un(Tn—1 + 5)), s €[0,77]
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we arrive at
NA, C{r, <T}

T
C { sup [|an(t)] Ly = n}U{ sup [Voa(t)][72 > n}U{/ IV (8) I3 dt > n}.
t€[0,T] te[0,T] © 0 o

Using Markov’s inequality on each of the three events and the embedding LlogL(O) < L(O),
by Proposition 4.70 we get, writing E,, := Ep for the expectation on Q,, used there, which
equals E on F,-measurable objects by the identification P(B) = P,,(B) established above,

P(Q\An) = n(Qn\An)

+E, +E,

T
| 19w, dtD

O

(En[ sup Hﬁn(t)HLlogLo

sup HV@RH%Q
te[0,7) elo,T ©

Proposition 4.74. There exists a measurable set Q C Q with P(Q) = 1 such that on Q a

martingale solution (u,v) of (4.5) ewists.

Proof. By Lemma 4.73, P(Q\A,) — 0 as n — oco. With A, C A, from Lemma 4.72,
Q= | A satisfies P(Q) = Jim P(A,,) = 1. We set Ap := () and define
neN

(u,v) == (Un, Un)|o;r] on Ap\Ap—1, n €N.

Since (A, \An_1)nen partitions Q, (u,v) is well-defined. By Lemma 4.72, (u,v) solves (4.5)
on [0,T] pointwise on €. O

It remains to construct the driving Wiener process for (u,v) and to establish the quanti-
tative bound of Theorem 4.6, completing its proof.

Since Wyp1 = W, on [0,7,] P-a.s. (by construction, Section 4.2.4, the same compatibility
used for (i, v,) above), the sequence (W, )nen satisfies the gluing compatibility (4.27) of
Lemma 4.71 with the same stopping times 7,,. Gluing exactly as in the preceding proof yields
a process W on Q with P-a.s. continuous paths, progressively measurable, and W = W, on
[0, 7] whenever w € A,. Since each W, is a cylindrical Wiener process on H over 2, and
W agrees with W, on [0,7] x A, for every n with P(|_JA,) =P(Q) =1, W is a cylindrical

n

Wiener process on H over the restriction of 2 to Q. Together with (u,v), this gives the
martingale solution (A, W, (u,v)) asserted in Theorem 4.6.

For the quantitative bound, fix w € Q and n with w € A,,. By the same gluing compatibility,
(s Um) 0,71 = (Un, Un)ljo,7] = (u,v) for every m > n (each level only extends the solution on

[0, Tm—1] 2 [0,T7], never alters it), so the sequences sup ||tm(t)||Llogr,s SUP IV 0 (8)]|22,
[0

) )

T -
and / [V 0m(t)]|3: dt are eventually constant, hence convergent, at every w € Q, to the
0 .

corresponding quantities for (u,v). Since P(2) = 1, Fatou’s lemma applied to these three
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nonnegative sequences, together with the bound of Proposition 4.70 (uniform in m), gives

sup [|[Vo(t)||3:| + E

te[0,7)

+E <C,

T
[ Ivv@)l3s dt
0

E[ sup [u(t)]| LiogLe
te[0,7)

which is the claimed bound of Theorem 4.6.

4.3 Discussion of the Result and Outlook

In comparison to [HMT22a] we needed stronger assumptions on the initial functions (ug, vo).>
We obtained the same type of a priori energy bound as [HMT22a], and, as in that reference,
our result is stated in dimension d = 1.

The natural next steps are pathwise uniqueness, following the strategy of [HMT22b] for
the production model, and the extension to higher dimensions d € {2,3}. The latter would
require replacing the Sobolev embedding H'(O) < L*(0), used throughout this thesis and
valid only for d = 1, by W (0) < L°°(O) for r > d (Lemma 2.13(iii)), which in turn would
require revisiting every estimate in Section 4.2 that currently relies on the embedding specific
ford = 1.

3Specifically, Assumption 4.5 requires uo € H*(O) with E[|lug||};«] < oo, rather than merely uo € L*(O):
this stronger requirement is used to construct the compact set L. C L2(O) in the proof of Lemma 4.26 via
the compact embedding H*(0) <» L*(O), which is how tightness of the initial values T,£(0) is obtained
there.
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